Atti Sem. Mat. Fis. Univ. Modena, Supplemento al Vol. XLVI, 803-825 (1998)

M.C. Isidori—A. Martellotti—A. R. Sambucini!

The Monotone Integral >

dedicated to Prof. Calogero Vinti in Honour of His 70th birthday

Abstract: Here we introduce a new definition of the monotone integral, in infinite dimensional

setting, in order to obtain the equivalence between the Bochner and monotone integrals.

1 Introduction

Given a measurable space (€2,%) and a measurable non negative function f : Q — R,
the monotone integral of f with respect to a set function m defined on ¥ can be defined
in terms of the integrability (and previously the measurability) of the function ¢(t) =
m{w € Q : f(w) > t}). The monotone integral of a measurable scalar function with
respect to a scalar set function m has been widely studied in literature ([5], [11]).

In [4] an extended definition of the monotone integral has been introduced as an alter-
native way of integrating scalar functions with respect to Banach-valued finitely additive
measures. Nevertheless the definition adopted there turned out to be stronger than ex-

pected: indeed a counterexample given in the same paper shows that there exist scalar
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functions that are integrable in the usual way (namely by approximating via simple func-

tions), but not in the monotone sense.

Since then some attempts to find the "right” definition of monotone integral, namely
equivalent to the classical integration, have been done, but in a not totally satisfactory way:
in [12] and [13] the equivalence between the strong monotone integral and the classical one
has been shown for finitely additive measures ranging in a Hilbert space or in a nuclear
space, and under a ”nice” condition on the finitely additive measure.

In [1] a definition of the monotone integral for scalar functions with respect to set functions

with values in Dedekind complete Riesz spaces is given.

In this paper we introduce a definition for the monotone integral with respect to a
Banach-valued finitely additive measure which makes use of the Fremlin-McShane inte-
grability of the function ¢. Finally, it turns out that this is the right approach in order to

obtain the seeken equivalence of the two theories.

2 Notations and Preliminaries

Troughout this paper we shall use the following notations.

_ (€,3) is a measurable space, where ¥ is a o-algebra.

_ X is a Banach space, X™* is the topological dual of X.

_ X (resp. X7]) is the unit ball in X (resp. X*).

_ Ais the Lebesgue measure on R and B is the Borel o-algebra, A is the family of open sets
of R.

_m: ¥ — X is a strongly bounded finitely additive measure and ||m/|| is its semivariation.
Since m is strongly bounded, it admits a Rybakov control (see [15]) v =| x{m |, with
xh € XT.

Iff, fr,: Q — Rg are Y-measurable functions, we define the following upper level functions,



M.C. ISIDORI-A. MARTELLOTTI-A. R. SAMBUCINI

for every E € 3 and for every t € R(J{:

o) =m(x € Q: f(x) > t); ¢F(t) =m(z € E: f(z) > t);
Bull) = m(z € Q: fulw) > 1 6E() =mlx € Bt fula) > 1)
F't)=v(xeQ: f(z)>1t); TE(t)=v(z € E: f(z) > t);
Th(t) =v(xeQ: fulzx) >1t); Tty =v(x e E: fu(x) > t);
o(t) = |ml(x € Q: f(x) >t);  oE(t) = |ml(x € E: f(z) > 1);
on(t) = [Im||(z € Q: fulz) > 1); L) = [Im|(z € B : fulz) > ).

Definition 2.1 A generalized McShane partition of Rg is a sequence (T, ), of pair-
wise disjoint measurable sets of finite measure such that A(Rj —J,, 7,) = 0 and t,, € Ry,

for every n € N.
Definition 2.2 A gauge is a function A : Rg — A such that y € A(y) for every y € ]R(J{.

Definition 2.3 We say that a generalized McShane partition (T, t,), is subordinate to
a gauge A if for every n € N, T,, C A(t,).

Definition 2.4 An Henstock partition of [0, 1] is a finite family of non overlapping inter-
vals ([aj, ai11],ti)i<n which covers [0,1] and such that for every 1 < i <n, t; € [a;, ait1].

Given a gauge A : [0,1] — A an Henstock partition is subordinate to A if
[ai, ai1] C A(t:),
for every i = 1,...,n.

Definition 2.5 A partial Mc Shane partition of ZRSr is a countable family (T,, ¢, ), where
(T,)n is a disjoint family of sets of finite A-measure, and t,, € IR} for every n € N; and it

is subordinate to a gauge A if T,, C A(t,,) for every n.

Definition 2.6 ([9]) A function ¢ : IR — X is McShane-integrable on IR{ if there exists
w € X such that for every ¢ > 0 there exists a gauge A(e) : IR — A such that

lim sup <e

n—oo

w— Z MT)o(ts)
=1

for every generalized McShane partition (73, ¢;); subordinate to A(e).

805
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Definition 2.7 Let f : Q@ — R} be a measurable function. We say that f is (x)-

E e X, such that for every

integrable if, for every F € X, there exists an element w
£ > 0 there exists a gauge A(e) : IR — A (the gauge must be the same for every E € )

such that

lim sup <e

n—oo

wh =3 ANT)6" (1)
=1

for every generalized McShane partition (73, t;); subordinate to A(e), and we set

/ fdm = w®.
E

Definition 2.8 Let f : Q@ — R. We say that f is (x)-integrable iff f*, f~ are (%)-

integrable and we define
* * *
/ fdm:/ f+dm/ fdm.
E E E

We denote by L*!(m) the class of (x)-integrable functions.

Definition 2.9 ([4]) Let f : © — R be a measurable function. Then f is m-integrable if
there exists a sequence of simple functions (f,), such that (f,), v-converges to f for any

control v for m and the sequence ( [ fn,dm), converges in X for every F' € . In this case
F

/ fdmzlimnﬂoo/ fndm.
) ¢)

We denote by L'(m) the space of m-integrable functions.

we set

If X is separable we can introduce also the following definition of integrability:

Definition 2.10 ([4]) Let f : @ — RJ be a measurable function. Then f is (7)-
integrable with respect to m if a(t) is Lebesgue integrable. In this case ¢(t) is Bochner-

Efdm = /OOO o(t)dt.

We denote by El(m) the class of (7)-integrable functions.

integrable and we set

Observe that, if X is separable, and f is measurable then ¢ is weakly of bounded variation

and therefore weakly measurable. By Pettis Theorem [14], ¢ is measurable.
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3 Measurability of the distribution functions

Lemma 3.1 Let f: Q — R} be a (x)-integrable function. Then
tlim lm||({w e Q: f(w) >t}) =0.

Proof: Since f is (%)-integrable, then by Proposition 1Q of [9] f € L!(x§m), by Lemma
3.5 of [4] f € L*(v). By Markov inequality it follows that

V({w e Q: fw) > 1)) < /fdu
Using the v-continuity of ||m/| we have

i [mll({w € 9+ f(w) > 1) =0.

Though the Mc Shane definition of integrability does not request the measurability of
the integrand ¢, Fremlin, in [9], proves that the integrand is weakly measurable. Here we

prove that if f is (x)-integrable then ¢ is totally measurable.

Proposition 3.2 Let f: Q — Rg be a measurable function such that
tlim Im||({w e Q: f(w) >t}) =0.
—00

Then the function ¢ : Ri — X defined by ¢(t) = m(f > t) is A-totally measurable.

Proof: Let H be the set of the discontinuity points of qAS Observe that by the monotonicity
of the functions ¢ and T, H is a countable set. Hence A\(H) = 0.

For every n € N and for every k =0, ...,n2" — 1 we set

k k+1
Enp = {wEQ:QTsz(w)< 2—;} Eppon ={w € Q: f(w) > n}.
We define
n2"—1 k
falw) = > on LB, p(@)+0-1p, 0 (W).
k=0

The sequence of simple functions (f,,), satisfies the following conditions:
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a) fo(w) < f(w) An, for every w € Q and for every n € N;
b) lim, e fn(w) = f(w), for every w € ;
c) the sets E, j are pairwise disjoint and UZZE) E, =S

¢n is a simple function and for every t € Rg we have

n2"—1 n2"—1

On(t) =m{w e Q: kzo 2% g, , (W) >t} = kzo m{w € Ep i : 2% > t}.
and o
o(t) =Y miw € By fw) >t}
k=0

Thus, for every t € Ry \ H and for every n € N with n > ¢ there exists k(n, t) such that

[6(t) = < 1Ml (B 7)) + 1Ml (Ennan)-

Setting a,, = % and b, = % we obtain a, < apt1 <t <bpy1 < b, for every n € N
and lim,, _~oa, =t and lim, b, = t.

Then

16() = on Ol < ImII(E,, 749) + Ml (Brnze) = Il (f~ (lan, baD) + [[ml| (Enn2e)

By hypothesis limy, oo ||m||(En n2n) = 0. Since p is finitely additive,

v(f 7 (lan, bal)) < u(f > an) = v(f > bu).

We shall prove that lim, ..v(f > an) = v(f > t).

Let (aln)n be a non increasing sequence such that for every n € N a; < ap, a/n Tt and
v(f > ay) = v(f > ay).

Obviously

/ ’

V(f > 8) S u(f > an) Sv(f > a)) = v(f > a).

By the monotonicity of gg and since t € H

lim v(f > a,) =v(f >t)

n—oo
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and so the assertion follows.

Thus for every t € Rj \ H we obtain, since m < v,

limy, oo [|9(8) = ¢n(t)] = 0

4 Comparison

Proposition 4.1 Let f : Q — ]R(J)r be a simple measurable function. Then f is (%)-

integrable and m-integrable and the two integrals coincide.

Proof: It is enough to prove the result for indicator functions. In fact the Mc Shane
integral is additive, see for example [9] 1C. Let f = z - 1y, where 2 € R, H € X.
Obviously f is m-integrable with [ fdm = x - m(- N H). For every E € ¥ we have

" (t) =m(ENH) - 1jg4((t).

For every € > 0 let F' be a closed subset of [0, z] such that A\([0,z[\F) < . We define
A, Rg — A as follows:

0, z] ifseF
A(s) = [0,z[\F ifse€[0,z[\F
RS\ F if s € [z,+00]

Let (T;,t;); be a generalized McShane partition of Rg subordinated to A..

|z - m(ENH) =Y NT)" )| = lz-mENH) - > MT)m(EnH)| =
i<n i<n,t;<x
= |mENH)| |Jz— > AN <|mlQ)-|lz— Y AT
i<n,t;<x i<n,t;<x

(T; N F); is such that A(F — U,,cp Ti) = 0. Since Uy, ., T D Uy erp Ti O Up,ep(TiN F)

im A0\ J T =A<[0,w[\UTi>sx 0,2\ | J T | <

i<n,t; <z ti<m tieF

< Moz | @nF) ::C—A<U(TiﬂF)):x—)\(F)<s.

t,eF ti<x
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So the assertion follows.

Now we want to compare L'(m) and L*!(m). To obtain this we need some preliminary

results.

Proposition 4.2 Let fQQ — R(')F be a measurable function such that
tlim Im||({w e Q: f(w) >t} =0).
—00

Let
falw) = I,zzggn_l 2%1En’k(w) where Ey j, = {w eN: 2% <gflw) < % .
Then the simple functions ¢, which are the upper level sets of fy, are Bochner integrable.

Proof: By Proposition 3.2 the functions ¢,, are totally measurable; since they are simple,

they are Bochner integrable.

Proposition 4.3 Let A : Rar — A be a gauge. Then for every € > 0 there exists a
generalized McShane partition (Ep,tn), N of Rg subordinate to A such that for every

neN
1) En = [anaanJrl], where ag = 0;

3) ant+1 —an < €.

Proof: Lete > 0. Let A, = A \[%n’%(nﬂ)]. Applying Lemma 5 of [6] when K = A = [§n, §(n + 1)]
there exists a partial Henstock partition ([af', a, ], ti)i<p(n) subordinate to A such that

[a}';ay1] C [5n, 5(n+ 1))t € [af, a4 ], forevery i = 1,..., k(n) and [§n, 5(n + 1)] C U<y [afs 4]
Now we consider the family ([a}', aj', ], %), k(n)neN- This is the desired generalized Me-

Shane partition of Ra' .

Theorem 4.4 Let f:Q — ]RSr be a (%)-integrable function. Then f is m-integrable and

/Efdm:/E*fdm.

for every £ € %
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Proof: Let f be (x)-integrable; then for every E € ¥ there exists w” € X such that for
every ¢ > 0 there exists A(e) : RT — A which must be the same for every F, such that

limsup ||w? =Y " ¢P(t)ANT)|| <
n—-4oo i<n
for every generalized McShane partition (77,t;), .y subordinate to A(e).

Let € > 0 be fixed. By Proposition 4.3 we can consider a generalized McShane partition
subordinate to A(e) of the form ([af,af, ], t7), .y such that 5 € [af,a5,,], af,; —af <e¢

and (J,.nlaf, af ] = ]Rar. Then, for every F € X,

lim sup
n—-+4oo

<e.

w? =" " (1) (054, — af)
i=1

Now we want to show that it is possible to construct a simple function, indipendent of F,
such that its Bochner integral is close to w®.

For every i € N. we denote by A7, C the following sets:

Af = f7H([6f, a5)), Cf = f71(Jt5, +ool)

n
Let gff) = Z(af +1 — a;) - 1¢=. The simple function ggf) is m and (x)-integrable and

1=0

n

[E gdm =35, — af)pP(E).

1=0

Then, it follows that

’wE - /gSf)de <e.
E

and therefore | f(w) — g,(f) (w)| < & unifomly in U, ., 45

811
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Now we want to show that there is a sequence (g,), of defining simple functions.
Let (ex)r be a decreasing sequence of positive numbers converging to 0 and let o, = 2¢y.
Given ¢; and the sequence (gT(fl))n there exists an integer 7m(e1) such that for every n >
n(er)

HwE — /ggfl)de < oy.
E

Then we set by = a(ﬁe(ls)l)ﬂ and g1 (w) = g(ﬁg(ls)l)ﬂ(w). So

| zom | (| g1 = [ [> o1) <[ agm [ (f > b1).

If we A" with ¢ <7i(e1) + 1 then

| g1(w) — f(w) |[< &1 < o1.

We consider now €2 > 0. Then there exists an integer n(e2) > 7i(e1) such that for every

n > n(ez)
HwE — /gﬁfQ)de < 7.
E

We define now

b2 = min{a§€2) : CL§€2) > max{b1 + 2, aﬁ(€2)+1}}

Then we set by = a(ﬁg(i)z) L, and go = g(ﬁ&(i) - Thus

| zom [ (| f = g2 [> 02) <[ agm | (f > ba).

Iterating this procedure we obtain a sequence of integers (ny)r where ny = n(ex) + 1,
a sequence of real numbers (by)x such that limg_,o, by = +o0o0 and a sequence of simple

functions (gx)x defined by g = gﬁfk’“) such that it fulfills the relationships

lzom|(|f — gl > ok) < |zgm|(f > bk)

/gkdm—wEH < op.
E

So we have

lim =0.

k—oo

/gkdm —wP
E
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It only remains to prove that gi v-converges to f, for any control v.
Let o > 0. Since limy_,o 0 = 0 there exists k such that for every k > k, o < a.
Then

{we Q| gp(w) = fw)|>a} C{we Q| gplw) — f(w) |> o} C{weQ: f(w) > by}

By Lemma 3.1 it follows
lim v(w: f(w) >b;) =0

k—o00

and hence the convergence follows.

Before proving the converse implication, we point out that the results given in [4],

section 2, hold also if X is not separable.

Proposition 4.5 Let f : Q — Rg be a bounded, measurable function. Then f is (x)-

integrable and the two integrals coincide.

Proof: Since f is bounded let I C Ry be a bounded interval such that f(x) € I for every
x € Q. By using Lebesgue ladder trick it is possible to construct a sequence (fy), of
simple functions which converges to f uniformly, with f,, < f,41 < f for every n.

We set now
ho(t) = |ml(z € Q: f(z) >, folx) <t);  hy(t) = |mll(z € E: f(z) > ¢, folx) <1).

Let € > 0 be fixed and consider d(¢) > 0 such that if v(A) < § then ||m|/(A) <e.

By Theorem 3.2 of [4] ¢ is Bochner integrable, and let wg be its integral. So first we want
to prove that for every £ > 0 there exists n such that / 6% () — ¢Z(t)||dt < € for every
Ees. !

We observe that the family {||¢p¥(t) — ¢Z(¢)||, E € X} is such that for every t € R{ :
I'(t) — T,(t) < & hence ||¢F(t) — ¢E(t)|| < € uniformly with respect to E € X.

Since

[Efdu: /IFE(t)dt, hrrzn/IF(t) — T, (t)dt =0
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for every fixed € > 0 there exists 7 such that for every n > 7

& g
SO =T < e (Hmum) T w)) '

Then, by Markov inequality,

A(rems 0 -r0> 0 (i) < (o)~ P

and so, for every E € ¥, by inclusion,

A (t SR () > oy A(I)) < Tl + A0

in fact, if t € Rg is such that

then

Then, for every E € 3, and for every n > n
[l165@ - ol < [ nEa =
I I

B /(telzhf(t)

Tll@) Ay

hE (t)dt + / hE (t)dt

£ HhE £ _
S Tml@ ) (tELhT (> ey ram)

+ mll() - A <t L hE(t) > M) <e.

We denote by UF(t) = ¢% (t) and with w{’ its Bochner integral. So

E_ E
[w™ —wy'|| <e. (1)
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Since f;; is simple, then it is (x)-integrable and so there exists a gauge AY such that for

every € ¥

lim sup |Jwd — Zx\ D <e (2)

n—oo

for every generalized Mc Shane partition (7}, t;); subordinated to AY.
Now we want to prove that there exists a gauge Al such that for every E € ¥ and for

every generalized Mc Shane partition (S;, s;); subordinated to Al
Z)\ e () = TP ()| < 2e.

Consider g(t) = hy(t), by Lemma 1J of [9], there exists a gauge Al such that
Z)\(Si)g(si) < /Ig(t)dt +e
for every generalized Mc Shane partition (S, s;); subordinated to Al. So,
ZA o (si) = TP ()| = Z)\ imz € E: f(z) > si, fa(z) < i)l <
< Z/\(Si) ha(s0) < NS - g(si) <
< /g(t)dt be<oe (3)

I

Let now A, = Al N A% Then for every generalized Mc Shane partition (7},t;); subordi-
nated to A., by (1), (2) and (3)

lim su wk AT, < wf —w —Hlmsu wk AT, +
5 p | Z )l <l 0|| p [|wp Z t)||

+ ZA ||xpE P ()| < 4e.

The equality between the two integrals follows by Theorem 4.4. .

Before proving the converse implication we need some preliminary technical lemmata.
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In these lemmata if f is a function, set f, = f An and (bg{)(t) =m(x € (:): fn>1).

Lemma 4.6 If f:Q — Rg is m-integrable then, for every B € B and for every E € X

lim [ ¢Z(t)dt e X
B

n—oo

and moreover, for every x* € X*,

z* ( Jim /B qsﬁ(t)dt) = /B e P (t)dt

Proof: For every n € N, let ¢Z(t) = m{w € E : f(w) An > t}; then, by Proposition
4.5, gbf is Mc Shane integrable and, for every € > 0 and for every n € N, there exists a
gauge A, () which satisfies the definition of (x)-integrability. Now we want to prove that
limp, o0 [ @5 (t)dt exists in X. Observe that for every ¢ € R{, ¢F (¢) converges to ¢¥(t)
and, for every B € B,

limy, oo /B oL (t)dt € X.

In fact, it suffices to prove that ( / E(t) dt> is Cauchy in X for every B € B.
Let 2* € X7 be fixed, and let n,p € IN Wlthp > n. Then

|< m*|/ngdt—/¢Edt >|< 4 sup A(fp—fn)dm"

ACE

which converges to zero since (f,), is Cauchy in L!(m).
Then for every € > 0 there exists ng such that for every n,p > ng and for every B €
B, x* € X}
<l [ ofde [ o> <
B B

and hence ( / oE dt) is Cauchy uniformly in £ and B.
B n

Since f € L'(m) then, for every a* € X* f € L'(2*m) and, by Lemma 3.5 of [4],
f € LY (Jz*m)).
By Theorem 3.6 of [4] f € L'(Jz*m|), then for every E € ¥

%6y ()] < [a*m|(f > 1) € L'(\)
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and z*¢L converges pointwise to 2*¢¥. So

z* ( lim dZydt ) = | x*¢F(t)dt.
B B

Lemma 4.7 If f : Q — Rg 18 m-integrable then, for every convexr combination of ¢E'),
¢£O) = ngnaj(;ﬁg) and for every € > 0 there exists a gauge A such that for every £ € X
and for every k € N,

for every partial Mc Shane partition (Si’si)ieN of Ra“subordinated to A and such that
B = U< Si-

Proof: Let n € N*, and let (ag,- - , ) be fixed in the (n + 1)-th dimensional symplex.
Let

T(t)=> aj-v({zeQ: f(x) Aj>t}),

j<n
and

Pt =Y aj-m{z e E: fl)nj>1}).
Jjs<n
By construction T' is a scalar Lebesgue integrable function and, by Lemma 2B of [9],

for every o > 0 there exists a gauge A, such that for every k € N

/Bl“(t)dtZ)\(Si)F(si) <o (4)

i<k
for every generalized Mc Shane partition (Si’si)ieN of Rar subordinated to A,, where
B = J;<j, Si- In fact a generalized Mc Shane partition (S;, s;),.y is @ partial one and we
can apply Lemma 2B of [9] to (S;, si)i<k-
Fix ¢ > 0. If we take

o =o(p) =infjcn{oy: a; #0}-p-7(p)

where
15

P A D+ [mll(Q)]

817
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and 7(-) is that of the absolute continuity of ||m|| with respect to v, we want to show that,

for every E € X,

JRECEEDIRET] B (5)

i<k
Let (S;, Si)z‘eN be a partial Mc Shane partition subordinated to Ag and let
Vi=5;n10, s Ui = S;N[s;,+ool.
We can observe that the partitions

Hl - {(Vlvsl)a o 7(Vk7$k)7 (U1781)7 o (Ukask)7 (Sk+p73k+p)7p S W+}
H2 = {(Ub 51)7 e (Uk‘a Sk)7 (Vla 31)7 ) (Vka 8k)7 (Sk’erv Sker)?p € W+}

are also subordinated to Ay and so, by (4),

| ra= S amre) <o (©
Ui<k Vi i<k

/ i T(t)dt — Y MU (s)| < 0. (7)
Ui<kUi i<k

Set now

IfteV;,i <kthent <s; and
Ot) =1y (1) - Xjcnaj - v({z € Uit < f(z) Nj < 8i})
while, if t € U;,i <k, t > s; and

O(t) = -1y, (1) - ngnaj v({z e Qs < f(x)Nj <t}).
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Then, (6) and (7), become

/ O(t)dt < o; (8)
Ui<k Vi

/ _o()dt < o. (9)
Ui<kUs;
Let E € ¥ be fixed and let

Vio(t) = Licils,() - Geolt)-

For every t € B = U;<;.S; we have

65 () — BE(H) = [Sicvilt) - 051 — Licilni(t) - 65 (s0)] +
) Y PAAORAOED DR IAORCACH
= Dicklvi(t) D jcpay - m(z € Bt < f(z)Nj<s)+
Yicklui(t) - i<ty -m(z € E sy < f(x) Aj <)

and so, for every t € B

1620(t) = el < Il ()X ;<05 = Iml|(€2)-

Let now 1 > 0 be fixed. If t € V;,7 < k is such that
e (t) — L @) > (n+ 1)y
then

(n+1)n

IN

HlVi(t)ngnaj m(zeE:t< flx)Nj<s;)
> j<nj Imli(z € Bt < flz)Aj<si)

<

IN

and so there exists j* € {0,1,--- ,n} such that

Im|[(z € E:t < f(x) Nj" <si) > a|ml(zre E:t< flz)Nj" <si)>n.
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Since ||m|| < v then it follows that

vzeQ:t< flx)Nj*"<s;))>vxeE:t< flx)Nj* <s;)>71(n)

and so

Ot) = 3 <pq) - v(w € Qut < flw) Aj < si) = age - 7(n).
Namely
{t € Vitllog(t) = v > (n+1)n} € {t € Vi: ©(t) > infjen{ay s aj # 0} - 7(n)};
analogously
{t € Ui o5(t) =il > (n+1)n} C {t € Us: =O(t) > infj<p{a; - aj # 0} - 7(n)}
which means that
{teSi:[de(t) = vl > (n+1)n} C {t € S;:10(t)] > infj<p{ay : a; # 0} - 7(n)}.
In particular, for 1 = p
{t€Si:llokt) — Yol > (n+1)p} C {t € S;: [O(1)] > infj<p{a; : a; # 0} - 7(p)}.
From (8), (9) and by Markov inequality

i o T L
A(t € S;:[09(t)| > infj<p{a; : a; #0}71(p)) < i on{a; sy 2037 (o) /SZ |O(t)|dt

and so

At € Si: [0(t)] > infj<p{a; : o # 0}7(p)) <

1 1
O(t)|d o=
< e @ 7O PO S
1
= inf{a; : a; T(p) =
NP (p)Qan{ jaj # 0}p7(p)

2(n+ Dn+ [mll(Q)]
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Then, by inclusion,

At € 8; = |9z (t) — e ()l > (n+1)p) < p.

/ 165, (1) — wE (1) dt < / 16E.(6) — 2 (0) ]t +
BN[0,n] U<k BNO,n]N(teS;i:||o L, () =y E (1) ||> (n+1) p)

+ / I$eo(t) — e ()lldt < [Iml|($2) - 2p +n(n +1)p <
Uik BOOAIN(ES 05, (6) 0 ()< (n+1)p)

2[|m|(%2) 2 -

M D Tm@) " TV D 1 @) = ©

So

< (10)

/ OF (1)t — 35 NS08 (5:) / (65 (1) — B (6))dt
BN[0,n] BN[o,n]

IA

IA

Theorem 4.8 If f : Q — R(J)r is m-integrable, then f is (x)-integrable, and for every

EeX )
/Efdm:/E fdm.

Proof: Let f, = fAn; by Lemma 4.6, for every B € B and for every E € ¥, lim,, [, dE(t)dt €
X so we can define w2, w” : B — X as follows: wf(B) = [ ¢F (t)dt, w”(B) = limp—o wk (B);

moreover, for every z* € X*,

z* <li£n /B qﬁf(t)dt) = /B z* P (t)dt. (11)

Now we are going to construct a suitable family of sets so that a gauge similar to that in
point (C) of Theorem 4A of [9] can be defined.
Let
n
= {(r,ao,...,an) rneN, o, €@QNI0,1]Vi=0,...,n, Zai = 1}

Foryel :v=(ry,a0,...,0n) let

6F = cidlf, () =|mll(x € Q: fx) > 1),
=0
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For every € > 0 let h : R+ — R* be an integrable function such that fo t)dt < e and
let

1 - SN
Ry = qt € [0,nf h(t) > = 6(0) <79, D Tjga((t) D_ aid(t) <
il i i

It is R, € B and R} =U,er By

In fact, for every to € Ry fixed, to € [[to], [to] + 1[ and, setting Ao = ¢gt°; there exists

ro € NT such that h(tg) > ﬁ and Q/g(to) < rp, and there exists gop € @ N [1, 00] such that

Ao < qo. If we set n = [to] + 1 and vo = (r0,0,--- ,0, = w1 —) then typ € Ry,; in fact by

construction

[to]
~ 1~ 1~
Zlb j+1[(to) Z‘W to) = ) 9(t0)1] frol tol+1] = q*0¢(t0) [ [to[to] +1[ = yﬁf)( 0)1] [to],[to)+1] = P(to)

and the other properties are easily verified.

Observe that, by construction, the level sets of f and f,, differ only for levels greater then
or equal to n; therefore ¢F(t) and ¢ (t) are equal for ¢t < n; since Y1 ja; = 1 by writing
dF(t) = S0, i (t), we find that

(

> %@E(t) 0<t<1,

n S P (t) 1<t<?2
=2 = )
=Y awgf(t) = ¢ T
=0 .
andZ (1) n—1<t<n,
agp”(t) 0<t<l,

Yo id®(t) 1<t<2,

Sy aidB(t) n—1<t<n,

so, for every E € ¥ and for every t € [0,n]

j ~
16" (2) Ol < Z Ljga(t) D cio(t) (12)
=0
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Suppose now that v € I and H € R, N B; then by (11),

)~ [ oF @l = sup et~ [ ‘ﬁf“)dt‘ﬁxfg}'@; [ a0 -
< [ 1oF - eFni< [ near

Let now (Riy)'yep be a disjoint family of measurable sets such that (J, R:Y = R{ and
R; C R, for every 7.

Let (g4)y be a family of positive numbers such that > (1 +7y)ey <e.

Let 6, = ”mﬁ% For every n € N, and for every B € B such that A(B) < §, we have
I E @)t < [mI(QAB) < =, for every E € 3. So [[w(B)]| = lim, [wE(B)]| < =,.
Let G, be an open set which contains R, and such that A\(G, — R,) < min{e,, . }.

For every v € I', by Lemma 4.7 applied to qb,(y') and €., there exists a gauge A, such that
for every E € ¥ and for k

/¢ tydt — > NT)eE ()| < &y (14)
i<k

for every partial Mc Shane partition of Rarsubordinated to A, such that B = U;<,T;.
By 1J of [9] applied to h there exists a gauge A* such that

D> ANT)A(t:) < 2¢ (15)

i<n

for every partial Mc Shane partition of ]Rarsubordinated to A*.
For every t € R; let
A(t) = A, (t) NG, NA™(2).

A is the suitable gauge to prove that f is (x)-integrable.
As in part (d) of Theorem 4A of [9] one shows that
lim sup ||w” AT, < &,
| Z )l

for every E € ¥ and for every generalized Mc Shane partition (73,¢;); subordinated to A.
This proves that f is (x)-integrable. The equality between the two integrals follows from

823

o¥ (t))|dt <

(13)
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Theorem 4.4.

Suppose now that X is separable. Then El(m) C LY(m) = LY*(m). In fact, by Propo-
sition 3.6 of [4] the first inclusion holds and the equivalence between L!(m) and L'*(m)

is a consequence of Theorems 4.4, 4.8 above.

Moreover the example given in [4] shows that the first inclusion is proper.
To obtain the equivalence among the three integrations we have to introduce some

suitable conditions on m.

Corollary 4.9 If m admits a bounded Radon-Nikodym density with respect to v, then
L'(m) = L'(m) = L"*(m).

Proof: The first equivalence follows from Theorem 3.9 of [12].
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