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Abstract

We introduce here a version of K H-integral for two-variable functions with values in
metric semigroups. We obtain for it convergence results and a version of the Fubini
Theorem.
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1 Introduction

In [1, 5, 14] some Kurzweil-Henstock, Stieltjes-type integrals were investigated for functions,
defined in (possibly unbounded) subintervals of the extended real line, and with values in
metric semigroups. Particular cases of such structures were also studied, for example, in
[15, 16, 17] (see also the bibliography of [5]).

In this paper we introduce the two dimensional Kurzweil-Henstock integral for metric
semigroup-valued functions, defined in (not necessarily bounded) subrectangles of the ex-
tended Cartesian plane. We prove for it convergence results both with respect to sequences
of functions (convergence theorems related with equiintegrability), and with respect to in-
creasing families of sets (the Hake theorem). Moreover, following a line of research on double
integration, see for example [2, 12, 13] in the context of Riesz spaces, we give also a version
of the Fubini theorem which generalizes a similar result proved in [14] for mappings defined
in a compact subrectangle of R?.

For other related results and studies existing in the literature about these types of inte-
grals, see also [3, 4, 8, 9, 10, 11].

2 Preliminaries

Definition 2.1. A metric semigroup is a structure (X, p,+, -), where
p: XXX —->R +:XxX—X, - :RxX — X satisfy the following conditions:

(i) (X, p) is a complete metric space;

(ii) (X, +) is a commutative semigroup endowed with a neutral element 0;
(iii) p(w +y,z+t) < p(w, 2) + p(y, t) for any w,y, z,t € X;

(iv) plaw,ay) <|al p(w,y) for all @ € R and w,y € X;

(v) a(w+y) = aw + ay for each a € R, w,y € X;

(vi) (a+ B)w = aw + pw for every a, 3 € Rf, w € X, 0-w =0 and 1-w = w for each
we X.

A metric semigroup (X, p, +, -) is said to be invariant, if

p(w+z,y+z) = p(w,y)

for any w,y,z € X.

An example of metric semigroup, which is not a group, is the set of all fuzzy numbers
(see also [1, 5]).

For what concerns the Kurzweil-Henstock integral and its properties for functions with
values in a metric semigroup X we refer to [5, § 3]. For the sake of simplicity we recall here
only the main definitions and the Henstock Lemma.

From now on, let B be a connected subset of the extended real line and denote with
~ ~ ~2
a < b € R its endpoints. Moreover, for every measurable set £ C R(R ), denote by |E| or

A1(E)(A2(E)) its Lebesgue one- (two-)dimensional measure.
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A gauge on [a, b] is a map 0 which associates to every point of [a, b] an open subset of @,
such that = € é(x) for all € [a,b] and §(z) is bounded whenever z € [a, b)) N R.

Given a gauge ¢ on [a, b], a partition II = {(Ix,tr),k = 1,...,p} of [a,b] is said to be
0-fine if ty, € I, Co(tx), k=1,...,p.

Definition 2.2. ([5, Definition 3.2]) We say that a function f : [a,b] — X is Kurzweil-
Henstock integrable (in short integrable ) on [a, b] if there exists an element I € X such that
for all € > 0 there is a gauge J on [a, b] with

pl1 D M) flte) | <e (1)
k=1,..., P
A1 (Ig) <+oo
whenever I = {(Ix,tx), k=1, ...,p} is a d-fine partition of [a, b]. In this case we say that T
b
is the K H-integral of f, we denote the element I by the symbol / f and the sum in (1)

(Riemann sum) by Z I
I

Lemma 2.3. [5, Proposition 4.1] (Henstock Lemma) Let f : [a,b] — X be integrable, € > 0,
and § be a gauge on [a,b] such that

p(iﬂ:f,/abf>§s

whenever 11 is any d-fine partition of [a,b]. Let A; C [a,b], i =1,...,m, be nonoverlapping
intervals (one or two of them may be halflines) and t; € A; be such that

AiC(S(ti) (z:l,,m)
Then

ol X sy [ o<

i=1,...,m,
A1(Ai)<+oo

3 The integral in the two-dimensional case

Proceeding analogously as in [1, 2], it is possible to define a Kurzweil-Henstock type integral
for metric semigroup-valued functions, defined in a (possibly unbounded) closed subrectangle

J of @2, J = H x K. We denote by C the family of all closed subrectangles of J.

e A gauge on J is a map ¢ defined on J and taking values in the set of all open subsets
~2 - - - S -
of R”, such that ¢ € §( ) for every t € J and §(f') is bounded whenever t € R,

e A partition of J is a finite collection IT = {(W;,#;) :i = 1,..., q} such that
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(@) Ui, Wi=J;
(ii) &; € Wi, Wi €C;
(iif) Ao(W; N W;) = 0 whenever i # j.

A collection II satisfying axioms (ii) and (iii), but not necessarily (i), is called decom-
position of J. The partition or decomposition II is §-fine if W; C §(£;) (i = 1,2,...,q).

Observe that every gauge ¢ on J has a d-fine partition (of J), see [7, Lemma 6.2.6].

Definition 3.1. Given any partition II = {(W;,%;),i = 1,...,q} of J and a function
f+J — R, the Riemann sum of f is

Dofe= > (W),
11

i=1,...,
A2 (W

We now formulate our definition of Kurzweil-Henstock integral for X-valued functions

2
defined on a closed (not necessarily bounded) subrectangle J C R .

Definition 3.2. We say that a two-variable function f : J — R is Kurzweil-Henstock
integrable (in short integrable ) on J if there exists an element I € R such that for every
€ > 0 there corresponds a gauge ¢ with

p<L§2f>§5 2)
11

whenever II = {(W;,#;),i = 1,...,¢} is a d-fine partition of J. In this case we say that I is
the Kurzweil-Henstock integral of f, and denote the element I by the symbol / f.
J

It is easy to check that the integral just defined is uniquely determined, linear and
satisfies the Bolzano-Cauchy condition.

4 Convergence theorems

We begin with the two-dimensional version of the Henstock lemma (see also [5, Proposition
4.1]).

Lemma 4.1. Let f : J — X be integrable, € > 0, and ¢ be a gauge on J such that

p(;f,/Jf>§s

whenever 11 is any d-fine partition of J. Let A; C J, i =1,...,m, be elements of C, with
X2(A; N Aj) =0 whenever i # j, and t; € A; be such that

Aoty (i=1,...,m).
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Then
ol X nrr@y [ ] <
i=1,...,m, i=1 A
A2(A;)<+oo
Proof: Let A be the interior of A;, 4 = 1,...,m. Since the A;’s are non-overlapping,

the set J \ U™, A? is empty or it is the union of non-overlapping (possibly unbounded)
rectangles Bi,...,Bp. Let n > 0. Since f is integrable on each Bj, for each j =1,...,p
there exists a gauge J; on B; such that

di(x) C () for all z € Bj,

and

L
. ;f/Bf <A

for every d;-fine partition II; of B;. Let now II; be any d;-fine partition of B;. We observe
that
II = {(Al,tl),l = 1, N .,m} U (U§:1 HJ)

is a d-fine partition of J. Then we have:

M4 F(E), S
P X s >¥/Af
A2(A;)<+oo
- p m P
S B IRRECOLGED 3D IS S AFED 99 OF
Ai(:jT)QTéo j=1 II, i=17Ai j=1 II,

IA IA
) >
+ M/
RS EM
— ;:*
‘ ~—
+
>
T
NE
N
kﬁ
+
N
—
=
N
—
kﬁ
+
M@
=M
kﬁ

i=1YBi  j41 I, j=1 B m
~ 7
< €+ —— <e+n.
Zerl K
Jj=1
Since the inequality
m
|l X @y [ | <ee
i=1,....m, i=1 7 A
A2(A;)<+oo

holds for any n > 0, then we get the assertion. [J
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Definition 4.2. A sequence of integrable functions (fx : J — X)j is said to be equiintegrable
if to any € > 0 there exists a gauge § on J such that

p(iﬂ:m/J&) <e

for any J-fine partition II and every k € N.
Theorem 4.3. Let (fx : J — X)i be an equiintegrable sequence and let

Jm p(f(®), £(#) = 0

for any t € J. Then f is integrable on J, and

kggloop(/J fk,/Jf>—0-

Proof: Fix ¢ > 0. There exist an integrable function E : J N R? — R™, with

555
J 2

(for example, E(f) = 15_6 e*mz, te JNR?), and a gauge & on .J, such that

> Nl)EH) <e

1=1,..., n,
)\2([ )<+OO

for each do-fine partition II of J, II = {(Il,t) i=1,...,n}. Let now ¢ > 0, ¢ be as in
Definition 4.2, s=6nN 00, and II be any S-fine partition of J. Then, definitely on k, we get

p (Z fi f) < Y () E@E) <e
II II

1=1,..., n,
)\2([ )<+OO

Jim ,o(Z fk,Z f) =0.

Thanks to equiintegrability, the sequence ( / fk> of elements of X is Cauchy, and by
J k
completeness of (X, p) there exist I € X, a gauge 6* on J and an integer ko such that

p(],/ fk> <e forany k > ko,
J

and for each §*-fine partition IT of J, there is k1 > kg, such that

P(Z fk,z f) <e forany k> ki > k.
IT 1



Convergence and Fubini theorems 7

Moreover, for each § N 0*-fine partition I1, we get:

p(LXH: f) Sp(XH: f,znj fk1> +p<2ﬂj fkl,/th) +P(L/Jfk1> < 3e.

So f is integrable and I = / f, and this is enough to prove the assertion, since the limit
J

follows easily. [

We now prove a Hake-type theorem.

Theorem 4.4. Let f : J — X, with f(x,y) = 0 whenever x = +00 or y = +00. Suppose
that f is integrable on each A € C, A # J, and that there is I € X satisfying the following
condition:

(4.4.1) for all e > 0 there corresponds a set A* # J, with the properties that A* is a finite
union of non-overlapping elements of C and

o1 ) 1)<

whenever J # A D A* and A is a finite union of non-overlapping sets of C.

Then f is integrable on J and / f=1
J

Proof: Let (4,), be asequence in C with A,, C A, 11 foranyn € Nand U2 1A, = J N RZ.
Note that for every n € N and ¢ > 0 there exists a gauge ¢, on A,, with

E
,o(%jf,/Anf)sQ—n 3)

for any §,,-fine partition II,, of A,,.

Put C,, = A,\Ap_1, Ao = 0. Forevery t € J NR? there exists exactly one positive integer
n = n(t) with £ € C,,. Choose now a gauge ¢ on J with the property that §(£) C O () ()
and 6(f) C AZ(E} whenever £ € JNR? and 6(x,y) C J\ A* whenever x = 400 or y = 00

(here, A* is the set in (4.4.1)). Let IT := {(U;,;) : i = 1,...,¢} be a d-fine partition of .J.
For every i = 1,...,q we get: U; C 6(t;) C Ay, and U; C 5,1(;1_)({1-).

If J is unbounded, then there exists at least (U;,,%;,) € I, with 39 € {1,2,...,¢}, such
that t;, =: (xo,y0) € Uy, and Ao(Us,) = 4+00. Then z¢ = F00 or yy = +oo. If not, then for

some positive integer n
{io € uio - 5({10) - 571({10) - An(f;o) cJn R2a

a contradiction.
Let Z be the set of those indexes i for which A2(U;) < +o00. Let A = U;ezU;: since 11
is a d-fine partition of J, by construction we get: A D A*. Without loss of generality, we
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can suppose that A € C, since the case of finite unions of non-overlapping elements of C is
obtained by additivity. By (4.4.1) we have

p (I ; / f) <e.
A
By the Henstock Lemma 4.1 we obtain

| = e X[ ) <5

t;eC, i;€Cy,

for all n € N. By additivity, we get:

A iez Ui
and hence
p Ao (Us) f(E:), f) = p< Ao (Us) f(E:), f)
<1€ZI ’ /A €L ’ zeZI‘/M
< S0 X news@. X [ g
n=1 fiec, fec, Ui
¢
< ;2—,1:5
Thus we get:
p<],2f> = p<I,Z)\2(Uz)f(t:)
I ieT

A
AS)
N

>

[
—
EN
S~—
~
=
ol

S
~
~

_l’_

AS)
7~
~
S
~
~
A
2o
)

Thus the assertion follows. O

5 More properties of the integral and a Fubini Theorem

Similarly as [5, Proposition 3.12] and [14, Lemma 7], it is possible to prove the following
properties:

Lemma 5.1. Let f : J — X be integrable on J and g : J — X with f = g in the complement
of a Aa-null set W C J. Then g is integrable on J too and the two integrals coincide.
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Proof: Let I = / f and fix € > 0. Then a gauge § on .J can be found, with
J

€
I
whenever II is a -fine partition of J. Set

Wi={te J:p(f(f),g() € (- 1L} IEN; W =UZ W.

For each [, as A\(W;) = 0, there exists a set G; D W; which is union of countably many open

intervals with total length less than ﬁ Put
5(t), ift ¢ W,
t — 3 iR 3
5(3 { Gy, ift e Wy

Choose an arbitrary partition IT of J, II = {(L;, ;),i = 1,...,n}. We have:

tigWw ,eEW

p(z ML) f(E)+ Y Ma(La)gE) + D0 ML) f(E), T+ D Xa(La)f(E) | =

T gW t,ew L;EW L, EW
p (Z N(L)fE) + 3 Me(La)g(@), T+ Y ML) f(E) | <

1=1 tiEW iiew
p (LZ f) + 37 ML) plo@) FE) S S+ 30 3 NalLi) plolE). SF) <

IT ;eEW =1 f;ew,

§+§ ltgl )\Q(Ll) Sg-ﬁ-; lZZill =€

From this it follows that g is integrable on J and / g = I. This concludes the proof. [
J

Moreover we have also that:

Lemma 5.2. Let f: J — X be integrable on J = H X K, and set N :={y € K : f(-,y) is

not integrable on H}. Then N is null, that is / 1y =0.
K

Proof: Let (R,), be a sequence of pairwise nonoverlapping closed bounded rectangles,
Ry := [an, by] X [en, dn], n € N, such that U2, R,, = J NR?.

We know that f is integrable on each rectangle R,,. From [14, Lemma 5] it follows that,
for each n € N, the set N,, := {y € [cn,dn] : f(-,y) is not integrable on [an, by|} is null, that



10 A. Boccuto, B. Riecan and A. R. Sambucini

dn
is / 1n, =0 (see also [7]). Since every countable union of null sets is still a null set, the set

N = {y € K : f(-,y) is not integrable on H} is null, and from this we get the assertion. O

We are now able to give our version of the Fubini Theorem, thanks to Lemmata 5.1 and
5.2.

Theorem 5.3. (Fubini Theorem) Let f : J = H x K — R be integrable and set

Qx) = /Kf(x,y) dy.

Then, @ is integrable for (almost all) x € H and

o Joremm)ae=|f s

Proof: Observe that, by Lemma 5.2, @ is integrable for z € H \ N, where A1(N) = 0.
Without loss of generality, we can define @Q(x) = 0 for each € N and so, thanks to Lemma
5.1, we can assume that @ is integrable on the whole of H. Put M = N x K. Then
A2(M) =0.

Fix arbitrarily € > 0. By the Henstock Lemma there is a gauge ¢ on J with

o (Z)) f(1), s f]< (4)
(S 3 f 1) <

whenever IT = {(Z;,%) : 1 =1,...,¢} is a d-fine partition of .J.
Let now h* be a positive real-valued integrable map, defined on H. There exist a gauge
Ag on H and a positive constant Cy with the property that

Yo=Y WVilh(n) < Co

™o

for every Ao-fine partition mg of H, mo = {(V},m;) :j=1,...,s}.

Set now t = (x,y). Given a gauge d(z,y) = (Ui(z,y) x Ua(z,v)), for any fixed z € H
the mapping 0 »(y) = Uz(z,y) is a gauge on K. Analogously, for every y € K, the map
Or,y(x) = Ui(z,y) is a gauge on H. These two mappings are the projections of 4.

As in [7, Theorem 6.6.3], for x € H\ N let 7(x) = {(Ki(x),y:(x)) :i=1,...,n(x)} be
a 0k ,-fine partition for which

p Q(x),Zf(x,yi(xmKi(xﬂ < h'(@);

and for any x € N let ¢(z) be a 0k ,-fine partition. Set o(r) = 7(z) whenever z € H\ N
and o(z) = ¢(x) if z € N.



Convergence and Fubini theorems 11

Let A be a gauge on H, according with [7, Lemma 6.6.2], with the property that,
whenever 7y = {(Hj,2;) : j = 1,...,m} is a A-fine partition of H, then the associated
compound partition

{(Hj x Ki(z5), (2j,9i(2)) 1 =1,...,m, i =1,...,n(z)} (5)

is é-fine.
Without loss of generality, we can choose A such that A(z) C Ag(x) for every = € H.
Pick a A-fine partition 7y = {(Hj,2;) : j=1,...,m} of H, and let

m={(H; x K;(2j), (2,9i(%))) :j=1,....m, i =1,...,n(z)}

be as in (5). We have:

p(LZQ(Zj)IHjI) < ZIH Q=) D D e, wilz)) | Hjl | Ki(=)]

T o(z;)

’ (Zfzj,ylzj s ZJ|Z/ HjxKi(z;) )

IN

Do Hile [ Q)s Y flzimyilz)) | Kil=)))

a(z;)

’ (Zfzﬁylz] Bl 1l ZJ|Z/ Hyx Ko(25) )

EZ|Hj|h () +e < Che+e.

TH

IN

This concludes the proof. O

Remark 5.4. The function ) represents the integral of the ” z-projections” with respect to
the variable y. The Lemma 5.2 allows us to say that, in the context of metric semigroups,
the map @ is well-defined in the complement of a A;-null sets. Similar results ([2, Theorem
4.3]) were given in the context of Riesz spaces.
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