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Abstract

We investigate the GHj, integral for functions defined on (possibly) un-
bounded subintervals of the extended real line and with values in Riesz spaces.
Some convergence theorems are proved, together with a version of the Fun-

damental Formula of Calculus.

1 Introduction.

In the literature there are several studies concerning Stieltjes-type integrals and
their generalizations. In [23, 24, 25], and with a more natural and transparent
approach in [14, 15], an abstract integral (GHy, integral) for real-valued functions
defined in a compact subinterval of the real line has been studied, extending the

”generalized Perron integral” investigated by S. Schwabik in [33], which precisely
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corresponds to the GH; integral. This last integral has as particular cases also the
classical Kurzweil-Henstock and Henstock-Stieltjes integrals: indeed it is enough to

take functions of the type

Ult,x) = f(t) - g(x), t,x € [a,b], with a,b e R.

The Kurzweil-Henstock integral for Riesz space-valued functions was introduced
and investigated in [1, 26, 27, 28, 29, 30, 31]. In particular, the Kurzweil-Henstock
integral for functions defined in unbounded intervals of the extended real line and
with values in Riesz spaces, Banach spaces, metric semigroups was studied in [5,
8, 9] respectively. The Kurzweil-Henstock integral for maps defined in abstract
topological spaces was investigated in [3] for real-valued functions and in [4, 6] for

Riesz space-valued functions.

In the GH,, integral, instead of functions of two variables, corresponding maps U
of k+1 variables are taken, and in [14, 15] some examples of other concrete cases of
possible choices of U are illustrated: for instance the fundamental tool of the divided
differences, some various versions of the k-th derivative, k-variation and k-convexity,
and a short history and bibliography about the Stieltjes-type integrals studied in
the literature, for which the considered GHj, integral is an extension. These tools
are furthermore useful in the literature also in order to study the Perron integral of

order k and its fundamental properties (see for example [2, 10, 11, 13, 19]).

In this paper we generalize to the case of Riesz space-valued functions, defined
on (possibly) unbounded subintervals of the extended real line, the GHj integral
investigated and we then extend the main properties, the Hake’s theorem, the Saks-
Henstock Lemma and the Fundamental Formula of Calculus proved in [14, 15].
Furthermore we give some versions of the monotone and dominated convergence

theorems.
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2 Preliminaries.

Definition 2.1 A Riesz space R is said to be Dedekind complete if every nonempty

subset of R, bounded from above, has supremum in R.

Definition 2.2 A bounded double sequence (a; ;);; in R is called regulator or (D)-

sequence if, for each 7 € N, a;; | 0, that is a;; > a; ;41 Vj € N and /\ a;; = 0.
jeN
Given a sequence (1,), in R, we say that (r,), (D)-converges to an element

r € R if there exists a regulator (a;;); ;, satisfying the following condition:

forall maps ¢ € NN, there exists an integer ng such that

oo
rp — 1| < \/ Qi (i)
i=1

for all n > ng. In this case, we write (D) lim,, r, = r.

Analogously, given [ € R, a function f : A — R, where ) # A C I@, and a limit
point zg for A, we will say that (D)lim,_,, f(x) = [ if there exists a (D)-sequence
(a;;);; in R such that for all ¢ € NN there exists a neighborhood U of z( such that
forall z e U N A\ {zo} we get

@) =1 < \/ aigio-
i=1

Definition 2.3 We say that R is weakly o-distributive if for every (D)-sequence

(@; )i one has:

A <\/ %w‘)) =0. (1)

i=1
weNN

Throughout the paper, we shall always assume that R is a Dedekind complete weakly
o-distributive Riesz space.

The following lemma will be useful in the sequel.

23
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Lemma 2.4 ([27], pp. 42-43) Let {(ag;))i,j : p € N} be any countable family of
requlators. Then for each fixed element uw € R, u > 0, there exists a regulator

(@i j)ij such that, for every ¢ € NN,

uh Z} (\/ a%(im) < V i
p= i—1 =1

We now extend some basic concepts of [14] to the case of functions defined on
unbounded intervals of the extended real line. From now on we suppose that a,b € I@,
with a < b, unless we state differently. As usual, we set [a,8] := {z € R: a < z < b},
Ja,b[:= {z € R : a < z < b} and we denote by (a,b) an interval which may or not

contain its endpoints.
Definitions 2.5 Let k € N be fixed. Set
a§$170<...<£L’1ykS.CIZ'270<...<$27k§...§$n,0<$n71 <...<$n7k§b,

and & € [wi0, k), ¢ = 1,...,n. We say that the intervals [z;¢,x;x] form a tagged

k-decomposition, or k-decomposition of (a,b), and denote it by the notation

I := {(§i§ Lidyen- >$z‘,k—1) : [xi,o,l‘z‘,k],i =1,... ,n}.

A k-decomposition of (a,b) is called tagged k-partition (or k-partition ) if

[xi,o, xzkz] = (a, b)-
1

n

)

A gauge is a map ~y defined in (a, b) and taking values in the set of all open intervals
in R, such that € € y(&) for every £ € (a, b); moreover we require y(£) to be bounded
as soon as £ € RN (a,b). Given a gauge v, a k-decomposition of (a,b) of the type

H = {(52; xi,h .. 7xi,k—1) : [xi,07 $i,k]7i - 17 s 7n} (2)

is said to be vy-fine if & € [x;0, 7] C v(&) for all @ = 1,...,n. Observe that for
any gauge v there always exists a y-fine k-partition (see also [14, 21]).
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Definition 2.6 Given a bounded interval [a,b] C R and a map ¢ : [a,b] — R*, a
partition II of |a, b] as in (2) is said to be 0-fine if &; € [x;0, i x| C (&—0(&),&+(&))

foralli=1,... n.

Remark 2.7 Observe that, if [z;0,z; x| is an unbounded interval of a ~y-fine par-
tition, then the element & associated with [x;0,2;x] is necessarily +oo or —oo:
otherwise v(&;) should be a bounded interval and contain an unbounded interval, a

contradiction.
Definition 2.8 Given any k-decomposition of (a, b),

1= {(fi;xi,l’ s 71:1',16—1) : [xi,07 ce 7xi,k]7i = 17 s ,TL}

and a function U : (a,b)*™ — R, we call Riemann sum of U (and we write Z U)

I
the expression

n

Z [U(&iswin, o xin) — U&Ti0s -+ o5 Tig—1)]- (3)
i=1
We now formulate our definition of GH}, integral for R-valued functions defined on
(a,b)**!. We will show that our definition can be formulated equivalently both with

gauges and with positive maps 4.

Definition 2.9 We say that a function U : (a,b)*™! — R is GH}, integrable on (a, b)
if there exist I € R and a (D)-sequence (a; ;);; in R such that to all ¢ € NN there

correspond a function ¢ : [¢,d] — R™ and a positive real number P such that

Y Uu-1
11

whenever II is a d-fine k-partition of any bounded interval [¢, d] with [¢,d] D (a,b) N

[P, P]. In this case we say that [ is the GHy integral of U, and we denote the
b

element I by the symbol (GHk)/ U, writing usually U € GHy(a,b).

[e.e]
< \/ @i (i) (4)
i=1

Analogously it is possible to define the integral for every subinterval of (a,b).
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Remark 2.10 a) We note that the GHy, integral is well-defined, that is there exists

at most one element I, satisfying condition (4) (see also [5], Remark 3.4).

b) It is readily seen that, when both a and b belong to R, the definition of the G Hy,
integral is equivalent to the (more ”classical”) one in which only maps of the

type 0 : (a,b) — RT are involved (see also [21]).

¢) If[a,b)] CR,R=R, k=1, f:[a,b] — R and U(t,z) = f(t) -z for t,z € |a,b],

x # +o00, then we obtain the classical improper integral (see also [33], p. 4).

We now give the following characterization of the G Hy integrability.

Theorem 2.11 A function U : (a,b)**! — R is GH,, integrable if and only if there
exist J € R and a (D)-sequence (a; ;)i ; such that for all p € NN there exists a gauge
v such that

Y Uu-J

IT

< \/ Qi (4) (5)
i=1

b
whenever 11 is a y-fine partition of (a,b), and in this case we have / U=1J.

Proof: See also [5], Theorem 3.3.

3 Elementary properties of the improper GHj in-
tegral

The proof of the following proposition is straightforward (see also [5]).

Proposition 3.1 IfU;,U; € GHi(a,b) and c1,c2 € R, then ¢; Uy+cUs € GHy(a,b),

and , ) )
(GHk)/ (Cl U1+CQU2):Cl(GHk)/ Ul"’CQ(GHk)/ Us;

if U,V € GHi(a,b) and U <V, then

(GHy) /ab U < (GH,) /ab e
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if U, |U| € GHg(a,b), then

‘(GHk)/abU’ S(GHk)/ab|U|.

We now state the Cauchy criterion.

Theorem 3.2 A map U : (a,b)**!' — R is GHy integrable if and only if there is a
(D)-sequence (a;j)i; in R such that for all ¢ € NN there exists a gauge v = ()
such that for all vy-fine k-partitions I1, II' of (a,b) we have

ZU - ZU S \/aw(i).
II g =1

Proof: Straightforward. O

We now investigate G Hy integrability on subintervals.

Proposition 3.3 IfU € GHg(a,b), then U € GHy(c,d) for each (c,d) C (a,b) with

respect to a same regulator, independent on (c,d).

Proof: Without loss of generality, we suppose that (¢, d) = (a,d), with a < d < b.

Let v be any gauge on (a,b), pick any two ~-fine k-partitions Iy, Iy of (a,d),
and let II" be a 7-fine k-partition of (d,b). Such a partition does exist, by virtue of
the Cousin lemma. Then, for j = 1,2, I} := II' U1l; is a y-fine partition of (a,b).
Since

=D Uv-> U,

1 "
Hl H2

2. U-2U
M, I,

then the assertion follows from the Cauchy criterion. O

Remark 3.4 Note that this proof shows that, if a regulator works for GHj, inte-
grability on (a,b), then it works for integrability of (a,c) for every a < ¢ < b; this

will be useful in the sequel.

Corollary 3.5 IfU € GHg(a,b) and a < ¢ < b, then

(GHy) /abU_ (GH,) /:UJr(GHk) /CbU.
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Proof: Straightforward. O

We now introduce the following:

Definition 3.6 Let U : (a,b)*"! — R and fix a point g € (a,b). We say that U
is continuous at xo uniformly with respect to ti, ..., ti if there is a (D)-sequence

(d; )i such that for each ¢ € NN there exists n(zo) € R such that
U (wo; tr, - te) = Ulos th, -, 1) <\ dioii
i=1

whenever ¢;, ¢ € (a,b) with 0 < |t; —xo| < n(z0), 0 < |[t;j—x0| < n(x0), j,l=1,... k
(see also [16], Section 3, pp. 138-139).

Let z¢ €]a,b[. We say that U satisfies condition [H1) at x| if there exists a
(D)-sequence (¢;;);; (depending in general on the chosen point zy) such that to all

Y e NN there corresponds a positive real number 1 = n(zy) such that

0 0 0 0
[U(l’o,wg )77w](q;)) —U(LL’(],U)(() )7>wl(q)1)]

— [Uo;wi”, .. wi) = Ulwgywg”, . wi?))]

2 2 2 2
_ [U(Io;w§ )7_..,w]£)) — U(:Eo;w(() )7...,w,(€_)1)]‘ < \/Ci,cp(i)

2 [k
whenever U (U[w§91,w§l>]> Clxo —n, o + 1| and wéo) = w((]l), w,go) = w,(f), Ty =
1=0 \i=1

)

Remark 3.7 Observe that for £ = 1 condition H1) is automatically satisfied, be-
cause each term of the involved Riemann sums is formed by the difference of two
values of the function U (see also [33], Theorem 1.11, pp. 10-12).

Moreover, note that, when R = R, property H1) is implied by the condition of
"existence of the iterated limit J(U, c)” used by A. G. Das and S. Kundu (see [14],
Definition 2.9., p. 69) when k& > 2. Finally, observe that property H1) at xy holds

whenever U is continuous at zy uniformly with respect to ¢y, ..., t.

We are now ready to prove the following result on additivity.
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Theorem 3.8 Let k > 2, and U : (a,b)*™ — R be a function which satisfies
condition H1) at the point ¢ €la,b]. If U € GHy(a,c) and U € GHy(c,b), then
U € GHi(a,b) and

(GHk)/abU—(GHk)/aCU+(GHk)/CbU.

Proof: By the hypotheses it follows that there is a (D)-sequence (e;;);; such that
for every ¢ € NN there exist a positive function §* and a real number P (without
loss of generality, P > |c|) with the following property: for each d*-fine k-partition
IT; of any bounded interval [a1, b1] C (a, ), [a1,b1] D (a,c)N[—P, P] and Il; of every
bounded interval [as, ba] C (¢, b), [az, ba] D (¢,b) N [—P, P] we get

c 00 b 00
ZU—(GHk)/ Ul <V i ZU—(GHk)/ Ul <V i
Iy @ i=1 Iy ¢ i=1

Let (¢;;)i; and n(c) = n(c)(p) be related with condition H1) at ¢, and define a
function ¢ on (a,b) by setting d(z) = min{d*(x), |x — ¢|} if z € (a,b) \ {c}, and
d(c) = min{0*(c),n(c)}. Pick now any bounded interval [o, 5] C (a,b), (o, 5] D
(a,b) N [—P, P], and any é-fine k-partition

H = {(5“ ilfi71, Ce 7$i,k71) . [%,m%,k],i = 1, Ce ,n}

of [, B]. There exists m, with 1 < m < n, such that ¢ = &, and no other interval

but [z, Tm k] can contain c. We get:

m—1
Z U = Z (U wins s win) — Ui @io, - -5 Tig1)]
i i=1
+ [U(Ca Tm,1y- - 7xm,k:) - U(C, Tm,0 - - 7xm,k‘—1)]
+ Z [U(&iswin, o xin) — U(&5 205 -+ o5 Tig-1)]-

i=m-+1

Consider now the points

c—0(6) < Tima1k = Ym0 < - < Ymk =C=Zmo < ... < Zmk = Tmi1,0 < ¢+ 0(c).
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The parts of the partition IT for i = 1,...,m —1 (i =m + 1,...,n) and the single

system {(¢; Ym.1, - Ymk—1) © [Ymo: €]} ({(¢ 2mas---, Zmp—1) © [, 2mi|}) form a 6*-
fine k-partition I1; (Ily) of [a, ¢] ([c, B]). We have:

ZU—ZU—ZU = |[U(c;xm1,--sTmp) — U(C Tmos -y Ting—1)]
II 114 II>

— U Ymis s Ymrk =€) = U(C Ym0y - - s Ymk—1)]

— U6 2m1y- s Zmp) — UG 2mo =€, .o, Zmp—1)]| <
o

< \/ Ci (i) -

i=1

Thus we obtain:

ZU—(GHk)/aCU—(GHk)/CbU

+

< ZU—(GHk>/CU
+ D uv-Yuvu->YU

From this it follows that U € GHy(a,b) and

b
ZU—(GHk)/ U

i=1 =1

(GHk)/abU:(GHk)/aCU+(GHk)/CbU. o

4 Convergence theorems
We begin with a version of the Saks-Henstock lemma.

Lemma 4.1 Let U : (a,b)**t — R be GHy, integrable on (a,b). Then there exists a
(D)-sequence (a;;):; such that for all p € NN there is a gauge vy such that, whenever

II:= {(Ui; Yily - - - 7yi,k—1) : [yi,Oa yi,k]ai =1,... ,m} (6)

is a y-fine k-decomposition of (a,b) (where yi_1 5 < yio (1 =2,...,m)), then

m o0
> <V aig).
i=1 i=1

Yi,k
Ui iy Yik) —UMis Yioy - - Yik—1) — (GHk)/ U

Yi,0
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Proof: Let (a;;);; be a (D)-sequence, related with G Hj, integrability of U on (a, b),
pick arbitrarily ¢ € NN, and take a gauge 7 in correspondence with ¢, whose
existence is guaranteed by Theorem 2.11. Let the y;,’s be as in (6). If y;x < yiy10
for some ¢ = 1,...,m, Ym+10 = b, then, by Proposition 3.3, U € GHy[Yix, Yit1,0)-
Since the involved i’s are a finite number, there exists a (D)-sequence (b, ;); ; such
that for every ¢ € NN and i = 1,...,m there is a gauge y; on [y;x, Yi+1,0) such that
vi(z) C y(x) for all i = 1,...,m and each = € [y, Yit1,0], and with the property
that

m

D

=1

Z GHk /y1+1 ,0

II;

<\ brue (7)
r=1

for every ~;-fine k-partition II; of [yix, ¥it10]- If Yix = Yir10, we obviously take

Z U = 0. The quantity

11,

i=1

Z (U3 Yis -5 Yik) = Ui Yios -+ -5 Yik—1)] + Z (Z U)
=1 11;

is a Riemann sum which corresponds to a certain ~y-fine k-partition of (a,b), and

hence we get:

Ms

b
Ui Yis - Yik) — Ui Yioy - -+ Yik—1)] +Z(ZU> GHk/U

=1
[e's)

< \/ a;
=1

From this, (7) and Corollary 3.5 it follows that

m Yik
Z Uiz Yits - Yik) — Ui Yios - -5 Yie—1) — (GHk>/ U
=1 Yi,0

(]

b
Ui yis - Yik) — Ui Yios - - s Yik—1) +Z(ZU) (GHy) / U
S\/ ol +\/bw
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Since
m Yik o0 00

Z Ui Yias - Yik) — Ui Yoy -+ -5 Yie—1) — (GHk)/ U —\/ Ui o) < \/ by ()
i=1 Yi,0 i=1 r=1

for every ¢ € NN, by weak o-distributivity of R we obtain:

m
=1

This concludes the proof. O

Yik
U ts s yir) — Ui Gion s yier) — (GH) / U

Yi,0

- \/ A5 (1) S 0.
i=1

We now prove a version of a Hake’s theorem, which is an extension of the Cauchy

theorem.

Theorem 4.2 Let a € R, U : (a,b)*"! — R be such that U € GHy(a,c) for every
c € (a,b]. Assume that:

H2) there are an element I € R and a (D)-sequence («;;);; such that to every
Y e NN there corresponds a left neighborhood U of b such that

‘(GHIC) / U—-1I+ U(b7 Yy -5 Yk—1, b) - U(ba Yo, - - - 7yk:—1) < \/ TR0
a =1

whenever U S c < yo <y < ...<yYp_1 <b.
Moreover, suppose that

H3) there exist u € R, u > 0, and a gauge vy, such that for every ¢ with a < ¢ <b
and for each ~y-fine k-partition 11 of [a, c| we have:

ZU—(GHk)/aCU

<.

b
Then U € GHy(a,b) and (GHk,)/ U=1.

C

b
Furthermore, if U € GHyla,b], then (D) lim (GHk)/ U= (GHk)/ U (this last

c—b~

result holds even if we drop both H2) and H3) ).
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Remark 4.3 In general, in the first part of the assertion, hypothesis H3) cannot
be dropped, even in the classical version of the Cauchy extension theorem for the
classical Kurzweil-Henstock integral in Riesz spaces (see for instance [1], Example
4.21, and [5]). However, there are many situations in which H3) is satisfied, for
example when R = R and R = L°(X, B, ) with p o-additive and o-finite (see also
4, 7).

Proof of Theorem 4.2: Let (¢,), be a strictly increasing sequence in [a,b) with

(»)

¢, T b and ¢g = a. Thus for every p € N there exists a (D)-sequence (a,’;);; such

that for each ¢ € NN there is a gauge 7, : [a, ¢,] — RT, such that

Su-@m) [ v <V, ®)
I, a i=1

whenever II, is any ~,-fine k-partition of [a, ¢,|.

For every & € [a,b[ there exists exactly one p = p(§) € N such that ¢ €
[Cp(e)=1, Cp(e))- Given & € [a, b], choose 7(&) such that (&) C ype)(§) and 7(§)N[a, b[C
[a, cp(e)). Let c € [a, b] and

Il := {(&Gzia, - Tin—1) (w0, Tkl i =1, n}
be a J-fine k-partition of [a, c|. For every i =1,...,n we get:
[zi0, 2i] CH(&) C la, cuey))-

Moreover, [x; 0, Zik] C Vp(e)(&). For every p € N, let us denote by the symbol

2

=1,..., nzp(gl):p

Tk
U(fz'; Lidye-- axi,k) - U(fi; Li0ye-- ,iUz;k—l) - (GHk) / U

z;,0

the sum of those terms of

n

D

i=1

ik
Ul&izin, - xip) — UG @i, - Tig1) — (GHk)/ U

T30

33
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for which &; € [¢)—1,¢,). By Lemma 4.1 we obtain

2

i=1,...,n, p(&)=p
[o@)
(p)
< \/ @; o(i+p)
i=1

for all p € N. Since U € GHyJa, c] for every ¢ € (a, b, then by Corollary 3.5 we have

Ti,k
U(fi; Tidly--- ,fi,k) - U(fi; Ti0y--- >$i,k—1) - (GHk) / U

i,0

c n Tk
(GH,,) / U= (GHy) / U.
a i=1 Zi,0
So we get:
Z [U(&isxin, - win) — UG @i, Tig—1)] — (GHk)/ U
i=1 a
= Z Ui ins - i) — UG Tigs - -5 Tig—1) — (GHk)/ U

i=1 i,0

o

2| 2

p=1 |i=L,...n,p(&)=p

(p)
< Z ( ai,so(iﬂo)) '
=1

p=1

IN

ik
Ui;zi, ... xip) —U&ixio, -, Tig—1) — (GHk)/ U

4,0

Furthermore, we have:

n

Z [U(&, ZL'Z'J, e ami,k) — U(fz, ZL‘Z'70, e 7xi,k—1)] — (GHk) / U

=1

<u

I

where wu is as in H3), since the involved k-partition 11 is Yo-fine.
Let now (b; ;);; be a (D)-sequence such that
A (E (Vo)) < Vs ot o
p=1 \i=1 i=1
such a sequence does exist, by virtue of Lemma 2.4.

Let (v ;)ij and U be related with condition H2), and pick a gauge v on [a, D]
such that v(§) C 7(§) if € € [a,b], and ~(b) C U. Let

H = {(éi;xi,la o 7137:,]47—1) : {xi,Oin,kLZ’ = 17 s 7n}
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be any arbitrary v-fine k-partition of [a, b]: we get x, x = b and hence &, = b (other-
wise we should get [0, Zn 1] C 7(&) C [, cpe,)] and thus x,, , < b, a contradiction).

Now we have:

Y u-1I
I

< Z [U(&is2in, . in) — U(& Ty - -5 Tigo1)]

=+ [U(b;$n71,...,b)—U(b;xnyg,...,l‘nyk_l)] —I‘

n—1

Tn—1,k
Z (UG wins -y win) — UG @i, - - s ig—1)] — (GHg) / U

i=1

IA

Tn—1,k
+ |(GHy) / U—-I1+Ub;zn,....0) —=Ub;xno, .- Tng—1)

n—1

IA

Tn—1,k
U in, e 2in) = U 20 s ipr)] — (GHY) / U

i=1

+\me
=1

As z,_1 ) < b and .= {(&iwin, .- Tig—1) * [Tio,®igl, i =1,...,n— 1} is a A-fine

k-partition of [a, z,,—1 x|, we get

—_

n—

Ui zin, . xin) — U Tigs -y Tig—1)] — (GHk)/ U

< \/ bi,gp(i)a
=1

1

(]

and hence

u-1

II

<\ bioi) + V @i
=1 =1

From this the first assertion follows.

We now turn to the last part. Since, by hypothesis, U : [a,b] — R is GHy
integrable on [a, b], then, thanks to Remark 3.4, U is GH}, integrable on [a, | for
every a < ¢ < b with respect to a same regulator (a;;); ;, independent on the choice
of the point ¢. Hence for all ¢ € NN and ¢ € (a,b] there exists & : [a,c] — RT such
that for every o¢-fine k-partition II' of [a, ¢] we get:

ZU — (GHk> /CU < \/ai#p(i).
i a i=1
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Moreover, thanks to the GHj, integrability on [a,b], for any ¢ € NN there exist
§ : [a,b] — R" and P €la,b] such that for every bounded interval [d;,ds] C [a,b]
with [dy, ds] D [—P, P] and for each d-fine k-partition II of [dy, dy] we have

b 0o
Z U — (GHk)/ U S \/aw(i).
I a i=1

Let now ¢ € NN, ¢ > P, 6(x) := min{d(x), 5 (x)}, = € [a,c), and II be any d5-fine

k-partition of [a, c]. Then we get:
c b
‘(GH@/ U~ (cH) [ U' <

S 2 \/ ai’w(i).

Thus the theorem is completely proved. O

Remark 4.4 An analogous version of Theorem 4.2 holds, if we consider, in our

”limit operations” and calculus, the left endpoint instead of the right one.
Furthermore, in the literature several situations are investigated, when, in the

Riemann sums, only the terms where the involved intervals are bounded are taken:

this can be achieved by postulating it or by requiring that
U(xoo; A, ..., ) =0 (10)

for every choice of \; € (a,b), j =1,...,k (see also [5] and [21], p. 65).
Note that, when in the context b = +00 (a = —00) we assume (10), H2) can be
replaced by the simpler condition of existence in R of the limit

(D) lim (GHy) / v (11)

s
Finally, observe that, when R = R, H2) is implied by the two conditions of existence
in R of the limit as in (11) and of "existence of the iterated limit (from the left)
J~7 used by A. G. Das and S. Kundu (see [14]) when k > 2. For R =R and k =1,
H2) is equivalent to the condition formulated by S. Schwabik ([33], formula (1.11),

p. 15).
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We will prove a version of the Beppo Levi monotone convergence theorem. We
begin with a preliminary theorem.

Theorem 4.5 Let (U, : (a,b)*"t — R),, be a sequence of GHy, integrable functions.
Suppose that:

4.5.1) there is a (D)-sequence (b; j);; such that to every ¢ € NN there exist a gauge
¢ and nyg € N such that

@H@L%@—E:m

for every C-fine k-partition I1 and n > ng;

<V biw)
=1

4.5.2) there exist: two functions Uy : (a,b)*™ — R, h* : (a,b)*! — R*; a gauge
V6: w € RY; a (D)-sequence (af);;, such that:
for every ~;-fine k-partition

= {(t;win, - ig—1) ¢ [wio, Tipl, i = 1,00, q}

we get
q

Z R*(tiiwin, .., xip) < w;
i—1

for each ¢ € NN and t € (a,b) there exists p(t) € N: ¥Vn > p(t), whenever
My h € (a,1),

i=1

Then Uy is GHj, integrable and

wﬂ?«mglﬂh:«mmlnh

Example 4.6 When k = 1, condition 4.5.2) is satisfied when (U, ),, converges to Uy

"with respect to the same regulator” and h* is given by

A
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since the function h(t) = 5+ t € R, is Kurzweil-Henstock integrable on the whole

of R, and hence has bour}dtdt Riemann sums. We have introduced the function h*
substantially because we deal with unbounded intervals. Moreover, condition 4.5.2)
is fulfilled, when k& = 1, by h* defined as in (13) and when U,(t,\), n € NU {0},
is of the type U, (t,\) = fn(t) - A, where the sequence of functions (f,), converges

pointwise to fy ”with respect to the same regulator” (see also [6]).

Proof of Theorem 4.5: We shall use the Cauchy criterion. Let (b;;);;, ¢ and ng
be as in 4.5.1). By 4.5.2) we get the existence of an element w € R™ such that for
all p € NN there is a gauge n C ¢ N~y (without loss of generality) such that, for
every n-fine partition IT of (a,b), Il = {(t;; @1, ..., Tik—1) : [Tio, Tig)si = 1,...,q},

we have:

< Z \Uo(ti; xins - s Tig) — Un(tiszin, - o Tig)
T
— Uo(tii@ig, s Tig—1) + Un(ti; Tioy -+ -, Tig—1)|

q o0
Z h*(t“ Lidye-- ,xi7k) (\/ a::w(i)> + (14)
=1

i=1

q x
+ Z Rt wi0s - s Tig—1) <\/ aZ%D@)
i=1 '
2w (\/ az(,go(i)) 5
i=1

whenever n > max{p(t;) :i =1,...,q}. Put a;; =2waj;, i,j € N.

Sy
1T 11

IN

VAN

Without loss of generality, we can suppose that p(t;) > ng Vi =1,...,n. Choose

now a (D)-sequence (c; ;);; such that

2 (\/ @i (i) T \/ bi,gp(i)) < \/ Cip(i)-
i=1 '

=1 i=1
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Then for all n-fine k-partitions II;, II;, we have definitely:
b

Y U= Us| < |D Us—> U+ ZUH—(GHQ/ Un| +
H1 H2 Hl Hl Hl @

b
+ (GHk)/ Un— > Un| + -3 U

a H2 H2
< \/ Ci (i) -

i=1

G Hj, integrability of U, follows from this and the Cauchy criterion.

IN

By GHj, integrability of U, we obtain the existence of a (D)-sequence (a@; ;); ;
such that for every ¢ € NN there is a gauge 11, depending on ¢, such that

b oo
(Gt [ U= 3 Ul < Ve
a 11 i=1

for every m;-fine k-partition II. By 4.5.1) there is a (D)-sequence (b; ;); ; such that

b 00
> Un— (GHk)/ Un| < \/ biii
I @ i=1

for every h greater than a suitable integer hg (depending on the involved ¢) and for

each np-fine k-partition II. By 4.5.2), proceeding as in (14), we get the existence of
a (D)-sequence (¢;;);; such that

Z Uo — Z Un| < \/Ci,ap(i)
I I i=1

for every h > h', where b’ is a positive integer depending on the involved k-partition

II. Without loss of generality, we can assume h’ > hg. Pick now a (D)-sequence

(di,j>i,j such that

(e 9]

\/ +\/b150( +\/Cz<p)<\/d“p

Then (by arbitrariness of IT) we get:

(GHk)/aon —(GHk)/abU

+ Do U= Uil +
II II
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for every h > h’. We have proved that

(D) lim (GH,) / U = (GH,) / U,

and this concludes the proof. O
We now prove the monotone convergence theorem.
Theorem 4.7 Let (U, : (a,b)*™ — R),, be a sequence of G Hy, integrable functions,
b
Up < Upii (n € N), and let the sequence ((GHk)/ Un> be bounded. Suppose

that there exist two functions Uy and h* satisfying 4.5.2), and assume that

4.7.1) there exist« € R, o > 0, and a gauge 7, such that, for every7-fine k-partition
I of (a,b), we have:

> U, — (GHy) /ab U,

Then Uy is (GHy,) integrable on (a,b), and

<a forallneN.

(GH,) / "l = (D) lim (G Hy) / U

Remark 4.8 Condition 4.7.1) is analogous to property H3) introduced in Theorem
4.2.

b
Proof of Theorem 4.7: Since the sequence ((GHk)/ Un> is bounded and
increasing, it admits the (D)-limit in R. Thus there is a (D)—seqﬁence (cij)ijin R

such that, for every ¢ € NN, there exists hg € N such that, VA, [ > hyg,

‘(GHk) /ab Uy — (GHy) /ab U,

o0

< \/ Cip(i)- (15)

=1

Furthermore, from 4.5.2) we get the existence of an element w € R* such that for
all ¢ € NN there exists a gauge v* such that, for every v*-fine k-partition II of (a, b),

I ={(t;xin,. s Tik-1), [Tio,Tig] 11 =1,...,q}, we have:

q
Z \Uo(tis i, -y ip) — Upy)(tis ity - -, Tie)|
i1

q o) o0
< Z R*(tiixin, ..., k) (\/ a;"@(i)) <w (\/ af’w(i)> : (16)
i=0

=1 i=1
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Note that the natural numbers p(¢;) (using the same notations as in formula (12) of
condition 4.5.2) ) can be chosen greater than hg, where hy is related to the same ¢
chosen in (16). Since Uj, is integrable for all h € N, then for each h € N there exists
a (D)-sequence (ag’hj))i,j such that, for every ¢ € NN , there is a gauge ~;, such that

for every ~,-fine k-partition II we have

> U, - (GHy) / Un

o 1 _ * (m) _ _(m—1) _
For each 4,7 € N, put b;/ =4waj; and b; ;" = a;; ' (m =2,3,...). Moreover, let

17]

< \/ Mo(z+h+1 (17)

a be as in 4.7.1). By virtue of the Fremlin lemma 2.4 there exists a (D)-sequence

(b;,j):,; such that, for all ¢ € NN and s € N,

a/\(i(oobWZer)) \/bw (18)

Let ¢ € NN ho = ho() be as in (15) and ~o(t) = v*(£) NF(E) Ny () N Ny (),
where the involved gauges are the ones associated with ¢, as above. Choose any
yo-fine k-partition IT = {(¢;;@iq, ..., Tik—1) : [Tio, zik). @ = 1,...,q}. Fix arbitrarily
h > hg, where hq is as in (15). We have:

> Un— (GHk)/ Uh

a

(19)

IN

Tik
Z Un(tiszin, - @ig) — Un(tis ig, -, Tigo1)] — Z (GHk)/ Uy,

p(t:)>h p(ti)>h Li,0

Tik
+ Z [Un(tizzin, - @ik) — Un(tis Tio, - s Tig—1)] — Z (GHk:>/ Un|.

p(ti)<h p(ti)<h 4,0

Let IT = {(tixin, o i) [0, ik, b < p(t;)} U U I1; |, where II; is a suf-
p(ti)<h

ficiently fine k-partition of [x; 0, z; x|, in such a way that II is a 7,-fine k-partition of

(a,b). Then

b oo
h
> = (@) [ U <V iy
o @ i=1
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Hence, by the Saks-Henstock lemma, we obtain

Z [Un(ti; Tis -y @ik) — Un(ti; @iy - -5 Tig-1)] —

p(ti)>h p(ti)>

(h)
< \/ @ o (ith+1)°
i=1
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We now estimate the second part of the right side of (19). We have:

T4,k
> [Unltssins - win) = Un(tis wig, - wiger)] = (GHk)/ Uy
p(t:)<h p(ti)<h 1,0
h—
< Z Z Un(ti;xin, - @ig) — Up(tis a0, - -, Tig—1)]
m=hg :
h—1
— Z Un(tiixin, ... xigk) — Un(ti; Tios - -, Tig—1)]| +
m=ho p(t;)=m
h—1
+ U (tiszin, ..o Tig) — Un(tis Tioy - -« Tigo1)]
m=ho p(t;)=m
h— @ik ik
- Z Z GHk/ Un +Z > GHk/ (Un — Un)
m=ho p(t;)=m Zi,0 m=ho p(t;)=m
h—1
Uh t1,$ll,.. ZUZk) Uh(tl,l'lo,.. xlk 1)] (21)

gLM

- [U (tza Lidye-- 7xi,k) - Um(tza Li0y--- al‘i,k—l)H

+ Z t’uxz 17"'7Ii,k) - Um(ti;xi,()?“'in,k—l)]

i,k

- Z: (GHk)/:O Upn| + Z Z GHk/ (U, — Up,)

m=ho p(t;)=m
< \/ bw i+1) + Z \/ a; z+m+1 (GHk>/b(Uh - Uho)
zoo1 mh ho; 1 b a
< \/ b p(i+1) T Z \/ bYZ (i+m) GHk)/ (Un — Uny)
Z:h]. N m=2 i=1 b a
= > (\/ bleO(H—m)) + GHk)/ (U — Upp).
=1 a

Thus, from 4.5.2), (15), (18) and (21) we get the existence of a (D)-sequence (d; ;);
such that, for every ¢ € NN , there exist a gauge 79 and hg € N such that, for each
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vo-fine k-partition II and for all A > hgy, we have:

§:Uﬁ—aﬂﬂklnh

The assertion follows from Theorem 4.5. O

<\ digi). (22)
=1

Finally we prove a version of the Lebesgue dominated convergence theorem.

Theorem 4.9 Let (U, : (a,b)**! — R), be a sequence of GHy integrable functions
such that Vn€P1,m€P2 |U,, — Un| is GHy, integrable for every Py, P, C N, and assume
that Uy : (a, )™ — R, h* : (a,b)*™' — R™ are two maps, such that 4.5.2) holds.
Then Uy is GHy, integrable and

(Gmglbmzﬁanquglzh.

Proof: For all s € N and h > s, put
9s,h = \/ |Un_Um’7
s<min(n,m)<h
moreover, for each s € N, set
gs = \/ ’Un - Um’
n,m>s

We shall prove that, for each fixed s € N, the sequence (gs)n>s satisfies the hy-
pothesis of Theorem 4.7.

First of all, it is easy to check that the sequence

e ),

is well-defined and bounded in R.
Fix arbitrarily s € N. We have:

V-t = [V w-u v(v wn—vmr)

n,m>s s<min(n,m)<h

\V |m-%\+<V1m—%0,

s<min(n,m)<h

IN
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and hence

0<gs—gsn < \/ \U, — Up| forallh > s.
n,m>h

Since (U,), verifies 4.5.2), then the sequence (g ) satisfies 4.5.2) too, with h* as
in our hypotheses and where the role of the ”limit function” is played by g,.

We now turn to 4.7.1). As \/ |U,, — Uy, | is GHj integrable, there exist a
n,mGN

gauge 7 and a positive element a* € R such that, for every 7-fine k-partition

= {(ti;zin, - Tig—1) : [0, Tigl, i =1,...,¢},

for all s € N and h > s, we get:

q

Z \/ \Un(tis@ins o tig) — Un(tizzin, o) | < ay (23)

=1 | s<min(n,m)<h

that is .
> genltizin, .. wip) < a”.
=1

From this it follows that 4.7.1) is satisfied. Thus we get that, for every s € N, g; is
G Hj, integrable and

/ab gs = \/ (GHk) /ab 9s,h-

h>s

We now prove that the sequence (—gs)s satisfies the hypotheses of Theorem 4.7.
b
First of all, it is easy to check that the sequence <(GHk) / gs) is bounded.
Moreover, since ‘ ’

n,m>s
and (U,), satisfies 4.5.2), then the sequence (—g;)s verifies 4.5.2) too, with h* as
in our hypotheses and where the role of the ”limit function” is played by the null
function.

Concerning 4.7.1), it is enough to check that the argument in (23) works even if

we replace \/ \U,, — U,,| with \/ \Up, — Up|. Thus, we get

s<min(n,m)<h n,m>s

(D) lim (GHy) b 9= /\ (GHy) b gs = 0. (24)
’ /a seN /a



46 A. Boccuto — B. Riecan — A. R. Sambucini

Proceeding analogously as in the proof of Theorem 4.7, it is possible to prove the
existence of (D)-sequences (ez(-?))i,j, m € N, such that for all ¢ € NN there is a
gauge 7" and h' € N such that, for each 7/-fine k-partition IT := {(¢;;2;1,. .., Tig-1) :

[Tio,zik]s i =1,...,q} and for all h > h’, we have:

S o @m [(0) < Y (Viton )+ 3 3 |

a m=1 \i=1 m=h' p(t;)=m

< Z <\/ zs@(z—s—m)) +(GHI<:>/ Gn’- (25)

m=1 \i=1

(GH,) / (U — Uyy)

i,0

From (25) we get the existence of a (D)-sequence (d; ;) ; such that for all ¢ € NN
there exist a gauge 7 and h’ € N such that for each «/-fine partition IT and h > b/,

(GHy) /ab Un

The assertion follows from (26) and Theorem 4.5. O

we have:

<\ di - (26)
=1

5 Applications to Differential Calculus

We begin with introducing some concepts of variation. From now on we suppose

that R is a weakly o-distributive Riesz commutative algebra, that is a weakly o-

distributive Dedekind complete Riesz space endowed with a commutative ”product”
: R x R — R, compatible with the structures of sum, order, suprema and infima.

Moreover, we assume that a,b € R and F is a nonempty subset of [a, b].

Given f : [a,b] — R, G : [a,b]* — R, we call U or U} ¢ the function U : [a,b]*™ — R

defined by setting

U(rity, ... tx) = f(T)G(ty, ..., tk), T,t1,..., 1, € [a,b].
b
If U= Usq € GHila,b], we denote with (GHk)/ fdG and call also generalized

b
Henstock-Stieltjes integral of f with respect to G the integral (G Hy) / U.
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Definition 5.1 Let G : [a,b]* — R, and fix a function § : [a,b] — R*. For every

0-fine k-decomposition

H = {(517 xi,l; o 7‘/1“7:,]{3—1) : [IZ’,Oa xi,k]7i - 17 s ,TL}
of [a, b], define

V G E 51_[ Z|G $11,...,$i7k)—G($i,07.‘.,$i7k_1)|.
SiEE
If there exist a map § € (R")%Y and an element M € R, M > 0, such that
Vi(G, E,4,11) < M for every d-fine k-decomposition II, we say that G is k-variatio-
nally bounded on F| in symbols G € BV (E).

We now state the following generalization of derivative.

Definition 5.2 Let F, f : [a,b] — R, G : [a,b]* — R. We say that f is the global
k-derivative of F' with respect to GG, and we write in symbols f = e if there exists
a (D)-sequence (a; ;);; such that for all ¢ € NN there is a gauge 6 = () such that

|F(ty) — F(to) — f(x) - [G(t, ..., tx) — G(to, ..., tx_1)]|

S |G(t17"'7tk) _G(t07"'7tk_l>| ' (\/ ai,gp(i))

i=1

whenever a <ty <...<t, <b, x € [ty,t;] C (x —0(z),x+ 0(x)) C [a,b)].
We now turn to the following Fundamental Formula of Calculus.

F
Theorem 5.3 If G € BVi[a,b] and f = d

FTel then Us e € GHgla,b] and

(GHy) / fdG = F(b) — F(a).

Proof: Since G € BVj|a,b], there exist a map d; : [a,b] — R* and an element
M € R, M > 0, such that Vi(G, [a,b], d;,11) < M for every d-fine k-decomposition

dF
IT of [Cl,b], Il .= {(&;xi,l, c. a:[;’i,kfl) . [xi,nyi,k]ai = 1, c. ,n}. Since f = @ there
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is a (D)-sequence (a; ;);; such that for all ¢ € NN there exists a map 6 : [a,b] — RT
such that §(z) < §;(x) for all z € [a,b], and

|F(te) — F(to) — f(z) - [G(t1, ..., tk) — G(to, .. -, tr—1)]]|
< |Gty .. ty) — Glto, ... tit)| - (\/ a,,@(i)>

i=1
whenever a <ty < ... <ty <b, x € [to,tx] C (x — (), + d(x)) C [a,b].

Pick now any arbitrary d-fine k-partition I of (a,b),

II:= {(Ci; Zily - azi,k—l) : [Zi,o, sz]J =1,... 77”0}-

Then we get:

IN

Z |F(zin) — F(zi0) = f(G) [G(zia, -5 2ip) — G(zi0, -+ Zig—1)]]
i=1

Z ’G<Zi,17 cee sz) - G(Zi,(h e azi,kl)’] : (\/ ai,gp(i))

i=1 i=1

S M- <\/ ai,@(i)) .

=1

IN

From this it follows that U o € GHgla, b] and

b
(GHk)/ fdG = F(b) — F(a). O
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