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Abstract

In this paper we introduce a ”generalized” McShane integration
for Banach-valued multifunctions with weakly compact and con-
vex values and we give also a comparison between this integration

and the Aumann integration.

1991 AMS Mathematics Subject Classification: 28B05, 28B20, 26E25,
46820, 54C60
Key words: Aumann integral, McShane integral, multifunctions, Banach

spaces, Radstrom embedding theorem.

1. Introduction

The notion of integral of a multivalued function is very useful in many
branches of mathematics like mathematical economics, control theory,

differential inclusions, convex analysis, etc. It has been introduced by
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many authors and in different ways. The first was Aumann in 1965, in
order to apply it to general equilibria in economics. This integral was
built using selections, but some properties were missing, so Debreu intro-
duced the multivalued Bochner integral. In both cases the definition of
measurable multifunction is crucial since it is necessary to ensure that at
least a selection exists. Many authors worked on the problem of measura-
bility of multifunctions; we quote here for example [4, 13, 11, 9, 10, 2] for
the countably additive case and [20] for a review in the finitely additive
case.

Here we introduce a new kind of multivalued integral which does not
need a priori the notion of measurability; this fact looks interesting for
example in differential inclusions. The idea comes out from a discussion
with Prof. Jan Andres during a congress in 2000 and was presented in
2003 at the XVII Congress of U.M.I..

Our starting point is a paper by Jarnik and Kurzweil [14] in which
the authors proposed a new definition based on Kurzweil-Henstock ”se-
lections” for R"-valued multifunctions, defined in a bounded interval of
R. Jarnik and Kurzweil applied it to differential inclusions and showed
that under suitable conditions (namely compactness of values) this inte-
gral coincides with the Aumann’s one.

Here we extend these results in two directions: we consider in fact
multifunctions defined in the whole real line and moreover taking values
in a Banach space not necessarily separable. In particular in section 3
we introduce the (x)-integral by using McShane integrable single valued
functions and then we compare it with the Aumann integral. Finally, in
section 4, making use of the Radstrom embedding theorem, the McShane
multivalued integral is introduced and compared with the (x) and Au-
mann integrals. When the McShane multivalued integral exists, then the

(%)-integral exists too and it coincides with it, and so all the properties
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of the single valued McShane integral are inherited by the multivalued

one.

2. Preliminaries and known results on the

generalized McShane integral.

The generalized McShane integral (McShane integral briefly), as a limit
of suitable Riemann sums, was developed in the vector valued case by
Fremlin in [7]. In this section, we assume that S is a space and 7
a topology on S making (S,7,%, 1) a non-empty o-finite quasi-Radon

measure space which is outer reqular, namely such that
u(B) =inf{u(G): BCGeT} VBeX.

A generalized McShane partition P of S ([7, Definitions 1A]) is a disjoint
sequence (E;,t;), 1y of measurable sets of finite measure, with ¢; € S for
every ¢ € N and pu(S\ U, E;) = 0.

A gauge on S is a function A : S — 7T such that s € A(s) for every
s € S. A generalized McShane partition (F;,t;); is subordinate to A if
E; C A(t;) for every i € N.

From now on with the symbol P we denote the class of all generalized
McShane partitions of [a,b], and with Px those elements from P that
are subordinate to A.

Let X be a Banach space. We say that:

Definition 1 [7, Definitions 1A] A function f : S — X is McShane in-
tegrable, with integral w, if for every € > 0 there exists a gauge A : S — 7T
such that

n

w=Y u(E)f(t)

=1

lim sup <e

n—-+4oo

for every generalized Pn McShane partition (E;,¢;);. In this case, we

write fs f=w.
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For the properties of the McShane generalized integral we suggest the
quoted article [7] by Fremlin. Here we recall only this result which will

be used later:

[7, Lemma 1J] Let f : S — X be a function. Then, for every ¢ > 0,
there exists a gauge A : S — 7 such that

o0

S uE I < [ 1@ uta) +2

=1

whenever (E;,t;); is a generalized Pa McShane partition of S and

f S Hf H 7 dt) denotes outer integration, namely
[ 1@l utae) = { [ stntan.g € @150 < g(t)} .
S S

Fremlin in [7] studied also the relationship among this integral and the
usual "strong” and ”weak” integrals in Banach spaces. In particular this
new integral, which coincides with the classical one in R, is weaker than
the Bochner and stronger than the Pettis one. In fact Bochner inte-
grability implies McShane integrability and the two integrals agree ([7,
Theorem 1K]), while McShane integrability implies Pettis integrability
and the two integrals agree ([7, Theorem 1Q)]). Moreover, if the Banach
space X is separable, then McShane and Pettis integrability coincide ([7,
Corollary 4C]).

3. Applications to multivalued integration

Here we introduce a new kind of multivalued integral. There are in the
literature several papers on Aumann integration and other multivalued
integrations; see for example [1], [20] and their bibliography. Note that,
in all existing multivalued integration theories, in order to define the

multivalued integrals, a notion of measurability or ”total measurability”

310
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is required. For the kind of integrability that we will introduce, no mea-
surability is required a priori and so we can define a multivalued integral
also in non separable Banach spaces.

Throughout this section, let S = [a, b], where a,b € [—00, +00], a < b.
Moreover, assume that 7', > and p are respectively the families of all open
subsets of [a, b], the o-algebra of all Lebesgue measurable subsets of [a, 0]
and the Lebesgue measure on [a, b] respectively.

Let cwk(X) [ck(X)] denote the family of all convex and weakly
compact [respectively convex and compact] subsets of a Banach space X.
We denote with the symbol d(z,C') the usual distance between a point
and a nonempty set C' C X, namely d(x,C) = inf{||lz —y|| : y € C}, and
by U(C,€) the e-neighborhood of the set C i.e.

UCe)={ze€ EF:3zeC with |z —z| <&}

Observe that, if C' is convex, then U(C, e) = co(U(C,¢)).

If ', D are two nonempty subsets of X, we denote with the symbol
e(C, D) the excess of C' with respect to D, namely e(C, D) = sup{d(z, D) :
x € C}, while the Hausdorff distance between C' and D is h(C, D) =
max{e(C, D),e(D,C)}. We remember that h(C, D) = 0 if and only if
c{C} = cl{D}, where the symbol cl{-} denotes the closure of the con-
sidered set with respect to the norm topology.

Like in [14] we define a multivalued integral in the following way:

Definition 2 Let F : [a,b] — 2% \ ) be a multifunction. We call
(x)-integral of F over [a,b] the set ®(F [a,b]) given by:

O(F,[a,b])) = {re€X:Ve>0,3agauge A: for every generalized
Pa McShane partition(E;, ¢;),  there holds

hmsup d(x ZF ) < e},

where, as usual, Y F(t;)u(E;) == {>_ i, zip(E;) : x; € F(t;)}.
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Observe that, if F' is single-valued, then ®(F,[a,b]) coincides with the

McShane integral, if it exists. We now show that:

Proposition 1 If F' is bounded valued, then

= ﬂ U m U ﬂ U(Z F(t)p(E;),€). (1)

e>0 A (E;t;)i€Pa m=1ln=m i=1

Proof. Let z € ®(F| [a,b]); for every £ > 0, there exists a gauge A(e/2)
such that for every generalized Pa McShane partition (FEj, t;);

lim sup d(z,ZF(ti)u(Ei)) = inf sup d(z ZF ) <e/2.
n —

m>1 n>m

From this it follows that there exists m € N such that

d(z, ZF(Q)M(EZ)) <e for every n > m,

and thus

zEUﬂUZ E;),¢).

m=1n=m 1=

Hence, zeﬂU ﬂ UHUZF

e>0 A (E;t;);€Pa m=1n=m =1

Conversely, let z € ﬂ U ﬂ U ﬂ U( Z F(t ). Then,

a>OA(Et)ePAm 1n=m i=1
for every ¢ > 0, there exists a gauge A such that, for every generalized

Pa McShane partition (E;, t;);,

ze | NuUQ_ FtyuE

m=1n=m =1
which means that for every € > 0, there exists a gauge A such that, for

every generalized Pa McShane partition (E;, t;);,

hmsupd ZF u(E;)) <e,

=1

namely z € ®(F, [a,b]). O
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Remark 1 (a) Observe that, by definition, the set ®(F’ [a, b]) is closed;
in fact if (z,), is a sequence in ®(F), [a, b]) which converges to z € X
then, for every € > 0 there exist an integer k and a gauge Ay such
that for every generalized Pa, McShane partition (E;,¢;);

Iz — zll < /2, limsupd(z, Y | F(t)u(E;) < /2;

n—00 -
=1

then

n

lim sup d(z, Z F(t)p(E;)) <

n—00 -
=1

< limsup (IIz — 2]l + d(a, ZF(W(E»)) <e.

oo i=1
and therefore, by definition, z € ®(F, [a, b]).

(b) Moreover, if F'is closed and convex valued, ®(F, [a, b]) is convex too.
In fact, since

(e ol o]

oFat)=NU N (YUQ_ Ftn(E).e).  (2)

e>0 (Eiti)i€PA m=1n=m

if z,y € ®(F,[a,b]) then for every ¢ > 0 there exist A,, A, such
that

S m UHUZF

(Eits) GPAzm 1n=m =1

ve N U NUE P

(Ei,ti)iGPAy m=1n=m i=1

Let A = A, N A,. Then, for every generalized Po McShane parti-

tion (E;,t;);, we have:

x,y € ﬂ Uﬂuz w(E;),€)

(Eiyti)i€PA m= 1 n=m i=1
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and so there are two integers my, my such that

re () U(Z F(touE),e), ye ) U(Z F(t)u(Er), €).

n=mj n=msy

If we take m = max{m;, my} then
vy e (YU F(tu(E),e)
n=m =1

and so, since this last set is convex, for every a € [0, 1],
art(-—aye (U UG FluEe)
(Eits)i€Pa m=ln=m  i=1

Then the convexity of ®(F, [a,b]) follows.

(c) If F is integrably bounded, namely there exists g € L'([a,b]) such
that hA(F(t),{0}) < g(t) a.e. , then ®(F,[a,b]) is bounded. Indeed
for every z € ®(F),[a,b]) and for every € > 0 there are a gauge A
and a point € Y » | F(t;)u(E;) (where (E;,t;); is a generalized
Pa McShane partition) such that ||z — x| < &, and hence

121 < iz =zl + 2]l < e + gl
By the arbitrariness of z, it follows that ®(F’ [a,b]) is bounded.

Observe also that in the definition no separability of X, X’ is required.
Consider now the classical integral given in the theory of multivalued

integration, namely the Aumann integral [1], which is defined by:

@ﬂj[Fﬁ=%M—lUwfe$},

where S} is the set of all Bochner integrable selections of F.

We recall also that a multifunction F' is measurable if
F(C)=A{t€lab]: F(t)nC # 0}

is a Borel set for every closed set C' C X.

We want to compare now the (x)- and the (A)-integrals.
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Proposition 2 Let F : [a,b] — 2%\ 0 be a multifunction. Then
b
(A) —/ Fdt ¢ ®(F, [a,b)).

Proof: Since the proof is easy, we give it only for the sake of simplicity.
The inclusion is obvious if the Aumann integral is empty. If it is not,
let z € (A) fab F(t)dt, then there exists a function f € S} such that
f(t) € F(t) for every t € [a,b] and z = fab fdu. Since f is Bochner
integrable it is also McShane integrable and so, for every € > 0, there
exists a gauge A such that, for every Pa generalized McShane partition

(Ez,tl>z, we have

limnsup d(z, ) F(t:)u(E)) < 1imnsup Iz =Y ftu(E)| < e

i=1 =1
and thus it follows that z € ®(F), [a, b]). 0.
In order to prove the opposite inclusion we suppose that the multi-
function F' is also cwk(X)-valued, measurable and integrably bounded
and that the space X is separable. In this case, we will show that the
(A)-integral is non empty. In order to prove this, we recall the following

useful results:

Proposition 3 [12, Proposition 11.5.20] Let X be a separable Banach
space. If F': [a,b] — cwk(X) is graph measurable and integrably bounded,
then

(A) — /b F(t)dt € cwk(X).

Proposition 4 [12, Proposition 11.5.2] Let X be a separable Banach
space. If F' : [a,b] — cwk(X) is graph measurable and S} # 0, then for

every ' € X' we have:

s(a', (A) — / F(t)dt) = / s(@', F(t)) dt

where s(x’,-) is the support function defined for any nonempty set C C X
by s(z’,C) =sup{< 2/,x >: x € C}.

315
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Lemma 1 [4, Lemma II1.14] Let P = (z},), be a dense sequence in
X' for the topology (X', X), and K be a closed, convez, weakly locally
compact subset of X which contains no line. Then

K=n{zeX: <z, x> < s(z,K)}.
Moreover

Proposition 5 Let X be a Banach space and F' : [a,b] — cwk(X) be

a measurable and integrably bounded multifunction. Then, if we set

b
L— / s(@', F(t))dt
for every ' € X' we have
O(F,[a,b]) c{zeX: <a',z> < L}. (3)
Proof: Let z € ®(F,[a,b]) and suppose that (3) is not true. Then
<z',z>-L=a>0.
By definition of (x)-integral, there exists a gauge A, such that, for every
generalized McShane partition (E;, ¢;); subordinate to A, (a/6), we have:

limnsupd <z, Z F(ti),u(ti)) =r < a/6. (4)

Let now ¢ > 0 satisfy r + ¢ < a/3. Then, in correspondence to ¢, there

exists an integer m such that, for every n > n,

d <z, ZF(tl),u(EZ)> < /3.
i=1
Since F' has weakly compact values, then, for every n > 7, there exists
z, € > F(t;)u(E;) such that ||z — x| = d(z, Y, F(t;)u(E;)) and

hence
<zz> < | <2z, > |+ |<dz—x,>]| < (5)
< s3] F(t(E)) +af3 <
i=1

n

> s, Ft)u(E)) + af3.

=1

IN
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Moreover we know that s(z’, F') is Lebesgue integrable, since it is mea-
surable and dominated by h(F(t),{0}) and so, by [7, Lemma 1J] already
quoted, there exists a gauge Ay such that for every generalized Pa, Mc-
Shane partition II' = (E!, t});,

n

Z s(z', F(t)u(E;)) < L+ a/3. (6)

i=1
Therefore, if we consider A = A, N Ay and we take any generalized
Pa McShane partition, inequalities (4), (5) and (6) give us the following
contradiction: < 2,z >< L+2a/3 =< 2’,z > —a/3. Hence (3) holds.O

Now we are in position to state our comparison result.

Theorem 1 Suppose that X is a separable Banach space and that there

exists a countable family (x)), in X' which separates points of X. Then

b
(4) [ Ple)dt = a(Ffa.b)
holds, for any measurable and integrably bounded multifunction F : a,b] — cwk(X).

Remark 2 Observe that this theorem extends [14, Theorem 3] in sev-
eral directions: first of all, we obtain an analogous result in infinite di-
mensional spaces, rather then a Euclidean space. Moreover here multi-
functions with unbounded domains are allowed, and their values are only
requested to be convex and weakly-compact. The hypothesis of convex-
ity of the values could not be dropped in our case; indeed in the infinite

dimensional case there are examples of non convex Aumann integrals.
Proof of Theorem 1: The inclusion
b
(4) — / Fdt c ®(F, [a, b))

is contained in Proposition 2 which holds without any assumption on

F and X. The other inclusion is proved similarly as in [14, Theorem
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3]. Observe that from [4, Lemma II1.32] it is possible to construct a
countable family P which is dense in E’ for 7(E’, E). So, let P = ().
By [4, Lemma II1.14] quoted above, we know that, for every t € [a, b],

Fity=({zeX: <al,z> < s, F(t)}.

b
Set L, = / s(al,, F(t))dt. Applying Proposition 5 we have that
O(F, [a,b]) C ﬂ{z eX: <a,z> < L,}.

Observe also that, since F is cwk(X)-valued, then its (A)-integral belongs
to the same hyperspace by Proposition 3 ([12, Proposition 5.20]) and

then, using again [4, Lemma II1.14], we have

(4) - /abF(t)dt -N {:r € X i<l x>< sl (A) - /abF(t)dt)} |

n

Thus we have proved that

B(F, [a,b]) C (A) / Pyt

and this concludes the proof of the theorem. O

Theorem 1 can be applied in the comparison of Aumann integral and
other known integrals; for the relationship with the Debreu integral see
for example [3, 19, 15, 16, 20]. For weakly compact valued multifunctions
the result was obtained for totally measurable multifunctions. In general,
measurable multifunctions are not totally measurable. Here we give an
example of a measurable multifunction not totally measurable for which

the Aumann and the (%)-integrals coincide.

Example 1 Let X = [?(N*); for every A C N* we consider

Us={zeX:|z||<1, and 2, =0if n¢g A} = {12 : ||z| < 1},

318
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where (142), = 1a(n)z,. If A # B then h(Us,Up) > 1 and so the set
{Ua, A C N*} is not separable.

Let © = [0,1] and for every w € Q let O,w;---wy--- be its dyadic
representation, namely w; = 1 iff w € [1/2,1], wy = 1 iff w €
[1/4,1/2[U[3/4,1], etc. We set By = [1/2,1[, By = [1/4,1/2[ U [3/4,1],
ete.

Let F(w) = Ua() where A(w) = {n € N* : w, = 1}. F is integrably
bounded, takes weakly compact and convex values and its support func-

tion s(y, F'(w)) is measurable since it is the limit of simple functions;

indeed:
D=1 uw}'?=1im Y s(y, F(w)ls,w)
neA(w) p<n
and
> sy F)lpyw ={> v w, = 112
p<n p<n

From [12, Proposition 11.2.39] F' is measurable, but for every p-null set
N, the set 2\ N is not countable and so F(Q2\ N) is not separable in
the h-metric topology. Then immediately it follows that F' cannot be
a member of the closure of simple multifunctions with weakly compact
and convex values in the L'-metric associated with h and so F is not a

Bochner integrable multifunction. Moreover, by Theorem 1,

B(F01) = (4) = [ F)du(e).

4. The McShane multivalued integral

If we consider directly the hyperspace (cwk(X),h) we can define the

McShane multivalued integral in the following way:

319
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Definition 3 We say that F': [a,b] — cwk(X) is McShane integrable
if there exists J € cwk(X) such that for every € > 0 there exists a gauge
A such that

lim sup W(JY F(t)u(E:)) < e

i=1
for every generalized Po McShane partition I = (E;, t;);. In this case,

we set

J = /abF(t)dt.

Thanks to the Radstrom embedding theorem [18], this definition is well-

posed, and we will show the following:

Theorem 2 If F' : [a,b] — cwk(X) is McShane integrable, then the
(x)-integral and the McShane integral coincide, namely J = ®(F,[a,b]).

Proof: The inclusion J C ®(F,[a,b]) is obvious; indeed if z € J, then
for every € > 0 there exists a gauge A such that for each generalized

Pa McShane partition (Ej, t;), N We get:

limnsup d(z, Z F(t)u(E;)) < limnsup h(J, Z F(t)u(E;)) <e.

i=1 i=1
Conversely, let now z € ®(F,[a,b]). Then, for every ¢ > 0, there ex-
ists a gauge A such that, for every generalized Pn McShane partition
(Ei, ti),cN, we have

n

limsup d(z, Y F(t:)u(E;)) < /2.

" i=1
On the other hand, by the definition of the McShane integral, there
exists a gauge A; such that for every generalized Pa, McShane partition

(EL th);, we get

27 71

limnsup h(J, Z F(t)u(E])) <e/2.

=1
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So, if we take A=AnN Ay, then, for every generalized Px McShane
partition IT = (E;, t;); and for every z € > | F/(t;)u(E;) we have

d(=.J) = il |}z = y| < it (|2 = al + [l — yl)

= o=zl +d@,J) < |lz =z + h(Y_ F(tu(E), J).

i=1

So we have

n

d(z,J) < limsup (d(z,ZF(ti)u(En)+h(ZF(ti)u<Ei),J>> <e

for every generalized Px McShane partition (E;,;);. Since € is arbitrary

and ®(F,[a,b]) is closed, the last inclusion follows. O

Observe that if X is separable and F' : 2 — ck(X) is a measurable
multifunction with unbounded range, then Debreu integrability implies
McShane’s one. In this case we can embed (ck(X),h) in a suitable sep-
arable Banach space Y and, if we consider F' as a Y-valued measurable
function, McShane integrability coincides with the Pettis’ one. If the
range of F' is bounded and u(2) < oo, the two concept of integral coin-
cide; see for example [6, Section 2K].

If we consider a multifunction with weakly compact and convex values
we need total measurability of F' since (cwk(X),h) is not separable in

general. In this case we have:

Corollary 1 If p is finite, X is a separable Banach space and F :
Q — cwk(X) is a Debreu integrable multifunction, then F' is McShane

integrable and its integral coincides with the Aumann integral of F.

Proof: Thanks to the result of Byrne [3] the Debreu integral and the
Aumann integral coincide; thank to [7, Theorem 1K] the Debreu and the

McShane integrals coincide too. o
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An example of an integrably bounded and McShane integrable mul-
tifunction which is not Debreu integrable can be obtained using [6, Ex-
ample 3F] and taking F(t) = {f(t)}, where f takes values in the non
separable Banach space L>(]0, 1]).

Theorem 2 implies that, when F' is cwk(X)-valued and McShane in-
tegrable, ®(F,[a,b]) is convex and weakly compact and so in this case
we obtain [14, Proposition 1] as a corollary of Theorem 2.

Theorem 2 is also important from another point of view: indeed, thanks
to the Radstrom embedding theorem, all the fundamental results con-
cerning the McShane integral, which are given in [7], are still valid for
cwk(X)-valued multifunctions. So it is enough to consider the space
cwk(X) as a Banach space, which plays the role of the Banach space
X in the previous section. So ®(F, [a,b]) satisfies the main fundamen-
tal properties of the functionals defined by means of integrals, like for

example additivity and absolute continuity.

Remark 3 Though in this paper €2 is always assumed to be an interval
in the real line (possibly unbounded), we observe that all the results here
obtained hold as well whenever 2 is any non empty o-finite quasi Radon

outer regular measure space.
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