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Introduction
One of the most fascinating problems arising when dealing with finitely additive
measures is that of the existence of a Radon-Nikodym derivative: as it is well
known, the absolute continuity assumption is not sufficient in this case.
Several papers concerning this question appeared since the late sixties ([5, 6, 8, 11,
12, 13, 14]). When the dominated set function takes values in a vector space X,
the investigation usually does not go beyond the case of Banach spaces (actually
the only exact Radon-Nikodym Theorem for locally convex topological vector
space valued finitely additive measures seems to be that in [6]).
The starting point of this note is the article of Castaing, Touzani and Valadier
[8]: in it the authors obtain an elegant characterization of those multivalued
finitely additive measures admitting approximated densities with respect to a
scalar finitely additive measure. This approximated densities turn out to be in
fact ”simple” multifunctions.
Since every classical abstract integration theory makes use of simple functions
as approximating tools ([10, 3]), it seemed rather natural to develop an integra-
tion theory for multifunctions F’ with closed convex bounded values in a locally

convex topological vector space X, with respect to a finitely additive measure p,
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analogously to that done in [10]; this is done in the second section of this paper.
In the third section we obtain an exact Radon-Nikodym Theorem for such in-
tegration, under conditions of the classical Maynard-type. Our Theorem is new
even for single valued finitely additive measures.

Handling the seminorms of X is quite difficult: indeed we had to request unifor-
mity with respect to the seminorms for most of the conditions. In a further paper
we shall investigate a milder type of integration in a locally convex topological
vector space introduced by Blondia [1]. Nevertheless, when X is a Banach space,
the assumptions are quite semplified, and the Radon-Nikodym Theorem becomes
a multivalued version of that of Hagood. The authoresses are indebted to Professor
Charles Castaing, who gave them several directions during this project; we also
thank Professor J. Ban, who sent them connected papers and a large bibliography
on the topic and Professor D. Candeloro who accurately read several versions of

this paper.

1. Preliminaries and definitions

Let © be an abstract set and ¥ a o-algebra on 2. Let X be a locally convex
real linear space Tb; let Q be a family of continuous seminorms on X generating
the topology of X, and let )y be an absorbing subset of (). We shall denote by
C.(X) the class of non empty, closed, convex and bounded subsets of X. For every
continuous seminorm p let h, denote the Hausdorff pseudo-distance generated
by p on C¢(X) . Then the family of seminorms {h,(-,{0}),p € Qo} generates a
locally convex topology on C.(X) (see [8]). Let Y be a subspace of C.(X) which is
complete with respect to {hy(-,{0}),p € Qo}. Observe that if X is complete, the

class K(X) of non empty, compact, convex subsets of X fulfills this condition.
PROPOSITION 1.1 ([7]). Y is T5.

For A € C.(X) let 6*(-]A) : X* — IR be the support function. For every p € Qg
let
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ep: Ce(X) XCo(X) — IR§ denotes the excess (namely e,(A, B) = sup in]fgp(w —y)).
r€EAYE
We shall introduce some basic properties of the Hausdorff pseudo-distance that

will be needed in the sequel.

PROPOSITION 1.2 ([7]). Setting A+ B = {a+b,ac A,be B} for A,B €
Ce(X)

(1.2.a) 6*(:-|A+ B) = 6*(-|A) + 6*(:| B);
§*(|NA) = X6*(:|A) for every \ € IRy ;

(1.2.b) if pe Q and U, = {x € X| p(x) < 1}, denoted by UI? its polar

ep(A, B) = sup{d*(z*|A) — 6" (z*|B) : 2" € U, }

hp(A; B) = sup{|0”(«"[A) — 6" («"[B)| : z* € Uy };
(1.2.c) If A,B € Co(X) then hy(A, A+ B) = hy(B,{0}) for every p € Q;
(1.2.d) if A,B,C,D € C.(X) then for every p € Q

hp(A+ B,C + D) < hy(A,C) + hy(B, D);
(1.2.€) if A,B € C.(X) , Apn, By, are sequences inC.(X) suchthat A=3", An, B =
>n Bn, then for every p € Q, hy(A,B) <>, hp(An, By);
(1.2.f) for everyt € R,p € Q,A,B € C.(X), hy(tA,tB) = |t|h,(A, B).
DEFINITION 1.3. A set function M : ¥ — Y is called a finitely additive
multimeasure if for every z* € X* §*(2*|M) is finitely additive, namely
0" («"[M(AU B)) = 6" («"[M(A)) + 0" («"|M(B))

whenever A, B € ¥, AN B = (). Then equivalently M (AU B) = M(A) + M(B).

DEFINITION 1.4. Let M : ¥ — Y be a finitely additive multimeasure. For every

p € @ we define the p-variation of M as

IMp(E) = sup > hp(M(4),{0})
(A))EP(E) je1
for E € ¥, where P(FE) denotes the family of finite X-measurable decompositions
of E. We shall say that M is of bounded variation (b.v.) provided |M|,(X) <

400 for every p € Q.
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DEFINITION 1.5. Let M : ¥ — Y, be a b.v. finitely additive multimeasure
and p : X — IR a finitely additive measure. We shall say that M is absolutely
continuous with respect to p (and we shall write M < p) iff for every ¢ > 0 and
every p € Qo there exists (e, p) > 0 such that |u|(E) < 6 yields |[M|,(F) < e.

2. The integral of a multifunction

Let u: X — IR§ be a bounded finitely additive measure and F : Q — Y a mul-

tifunction. When F is simple, namely

n
F:ZlAiCZ’, CieY Vi=1,2--,n
i—1

we define / Fdu = Z w(A; N E)C; as in [8]. Note that, since each C; is convex,
E —

the integral does not aepend upon the representation of F.
LEMMA 2.1. If F,G are simple multifunctions, for every p € Qg

o ([P [Gas) < [1y(F. G (1)
LEMMA 2.2. If F is a simple multifunction, and M(E) = /Equ, for every
E € ¥ and for everyp € Qo |M|,(E) = /Ehp(F, {0})dp.

Proof: the proof of the lemma is a straightforward transposition of its single

valued analogous (see [10]).

DEFINITION 2.3. F is ”totally measurable” if there exists a sequence of

simple multifunctions (Fy,), such that
(i0) h,(F,, F) is measurable for every p € Q and for every n € IN;
(i1) hyp(Fn, F) p-converges to zero for every p € Q.

We shall denote by M[Q2, X] the set of totally measurable multifunctions.
Observe that if F' is totally measurable and G is simple then h,(F, G) is measur-

able for every p € Q.
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For F € M[Q, X] we shall introduce the definition of integral:

DEFINITION 2.4. Let F': Q) — Y be totally measurable. F' is u-integrable iff
there exists a sequence (F},), of simple multifunctions satisfying (i0), (i1) and

such that, for every p € Q:

We shall say that (F},), is a defining sequence for F'.

Then for every E € ¥ the sequence ( / Fncm) is Cauchy in Y and therefore it
E n

converges in Y. We then set
/ Fdu = lim Fhdypu.
E n— ) g
Observe that if X is complete and Y = { {c},c € X} the above definition

coincides with the usual definition of p-integrable, single valued functions ([10]).

Moreover if F' is u-integrable, [ Fdu is a multimeasure.

REMARK 2.5.

(2.5.a) If F' is p-integrable and (F,), is a defining sequence of simple multi-
functions then, for every p € Qo, the functions h,(F,,{0}) are uniformly

integrable;

(2.5.b) for every n € IN the functions {h,(Fy,, Fy) }m, which are measurable and

non negative, are uniformly p-integrable;
(2.5.¢) limnﬁoo/ghp(Fn,F)d,u —0;
(2.5.d) The function hy,(F,{0}) is p-integrable and /Ehp(F, {0})du = limn_,oo/Ehp(Fn, {0})dp.
We observe that by (1) if F' is a simple multifunction

o ([Pt (0}) < [P (0D

We want now extend such property to every p-integrable multifunction.
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THEOREM 2.6. Let F' be u-integrable; then for every p € Qo
o ([ Fan10}) < [y(F. 10}

moreover, for every p € Qo, |M|y(-) = / hy(F, {0})dp.

Proof: Let (F,), be a defining sequence for F. Then
litny oo by ( / Fudh, {0}> —h, < / P {0}> .
By (2.5.c) it is
o ([ Fan10}) = timmchy ([ Fadis (0) < i [ (B 0011 <
J ot F 0}

IN

We shall prove now that [M|,(-) = /hp(F, {0})dp. Let M, (F) = / F,du and
: E

€ > 0 be fixed; there exists 7 such that for every n > 7

/ hy(Fy, F)dp < e.
E

We can choose Ay, -+ A, By, -+ -, By such that

MIE) = St [, F (0}) < <

)

| M |p(E) —

1
q
ol [ Fudp, {0)) < =
-1 B;

~

Then let (E;); be the decomposition of E generated by the sets A;, B;. It is
| |M‘p(E) - |Mn|p(E)| < 3¢ and so

MIy(E) = [ ho(F.{0})dn.
THEOREM 2.7. If F is p-integrable then /qu <L [

Proof: It is a consequence of (2.5.c) and Theorem 2.6.

We shall now prove that the integral is well defined.

THEOREM 2.8. Let (Fy)n, (Gn)n be two sequences of simple multifunctions
defining F'. Then it is

/ Fu = lim,, .o, / Fodu = lim,, o / Godu ¥ E €Y.
E E FE



A Radon-Nikodym theorem for multimeasures 7

Proof: By inclusion one easily shows that hy,(F;,, G,) pu-converges to 0 for every
p€Q.Let € >0 be fixed and A, = {x € Q: hy(Fr(z),Gn(z)) > €}
We shall prove that lim hp(/ Fnd,u,/ Grdp) =0 for all E € X. For every

n > n suitably large

hp </EFndu, /EGndu) < /Ehp(Fn7 Gp)du = /EmAnhp(Fn, Gp)dp +

b [ G [ (P Gulda ().
E-A, ENAp

It only remains to prove that lim hyp(Fn, Gp)dp = 0. This is a standard
n—ooJ EnAy

proof, based upon the Vitali-Hahn-Saks Theorem [1] (see for example [3]).

A finite or countable family of pairwise disjoint sets (E;);, E; € ¥ will be
called a p-exhaustion of 2 provided for each € > 0 there is n € IV such that
|| (2 — Ui<nB;) < e. Let {E;}; be a p-exhaustion of Q such that @ = U E;. Let

icIN
(Cpn)n be a sequence in Y such that for every p € @ there exists r, > 0, such that
hp(Cn,{0}) < rp for every n. We define
oo
*) F =Y Cilg;
i=1
such definition is formal, in the sense that for every x € €2 there exists a unique

i = i(z) € IN such that x € Ej,) and so F(z) = Cj(,. Hence F'is Y valued.
PROPOSITION 2.9. F defined as in (*) is p-integrable.

Proof: We prove that F;,= Y ;" Ci1, is defining for F'. As noted above, for every
x € Q 3li(x) such that F(x) = F,(x) for every n > i(x) and, for every e >0 ,
the set A = {z € Q : hy(Fu(x), F(x)) > ¢} = U, 11{z € E;i : hy(C;,{0}) >
e} € ¥ and moreover A. C U2, 1 Fi; since {E;},. v is a p-exhaustion, by the
monotonicity of u, F,, p-converges to F' uniformly with respect to p € Q. For

m > n we have

m

[ BB P = S22 (Ey(Ci 101) <7y 3 (E)

1=n-+1

and since {E;}; is a p-exhaustion, this proves the integrability.
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DEFINITION 2.10. A multifunction F': Q — Y is Qp-strongly u-integrable if
there exists a sequence of simple multifunctions (F},), such that, uniformly with

respect to p € Qo
(i1*) F, p-converges to F';

(i2¥) lim /th(Fn,Fm)duzo.

m,n—oo

REMARK 2.11. If F = 3¢, Cilg,, where {E;}; is a p-exhaustion of © and
(Cp)n is such that there is » > 0 for which h,(Cy, {0}) < r for all p € @y and for
all n € IN, then (i1*) and (i2%*) hold.

PROPOSITION 2.12. Let F,G be p-integrable. Then for each p € Qg

hy </Equ /EGdu) < /Ehp(F, G)du, E €.

Proof: Let (F),)n, (Gn)n be sequences of simple multifunctions defining F' and G

respectively. Then for n suitable large

hy ( / P, / EGdu) < 24 / Ip(F G (2)

Since

|hp(F, @) = hyp(Fr, G| < hp(F, F) + By (G Gln)

hy(F,G) is the p-limit of simple functions, and hence it is measurable. Also

hy(Fp, Gp)p is Cauchy in L1(2, 3, i), since
[ olFnsGon) = h(Fos Gl < [ (P Bl + [ 1fGo Gl
therefore hy,(F,G) is p-integrable and

lim/ hp(Fn,Gn)d,u:/ hy(F, G)dp;
Q Q

n—oo

By taking the limit in (2) then the assertion follows.

Let now u be a real valued finitely additive measure of bounded variation; then

F is p-integrable iff F' is |u|-integrable and we shall put

/qu = /Fd,ﬁ —/Fd;f.
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PROPOSITION 2.13. If F is p-integrable then for every p € Q

o ([ Fau(0}) < [ (P 0Dyl

MI(E) = [ hol(F 0Dl

Proof: The proof of the first assertion is straightforward. The second equality

can be proven analogously to what already done in Theorem 2.6.

We shall give now the main convergence Theorem.

THEOREM 2.14 (Vitali Convergence Theorem). Let (F),), be a sequence of Qo-

strongly p-integrable multifunctions such that for every p € Qq:
(vl) F, p-converges to F;

(v2) /Fndu < p uniformly with respect to n;

then F is p-integrable and /Fah = lim /Fndu

n—oo

Proof: By inclusion one easily shows that

plmfpl({z € Q- hy(Fa(2), Fn(2)) > €}) =0

for every e > 0 , p € Qo. Also, from (v2) one obtains that (/ F,du), is Cauchy
in Y for every E € ¥. To show that F' is u-integrable, we haEve to determine a
defining sequence of simple multifunctions (Gy,),. By assumption, for each n there
exists a sequence (G(n))ke w of simple multifunctions such that, uniformly with
respect to p € Qo, G, ),u converges to F,, and (hp(G,(C"), F,)); converges to 0 in

LY, %, p). If HY ;. denotes the set

1

HY = {o € Q: hy(G (@), Ful@) > o

|2

we obtain that, uniformly with respect to p € Qq, for every n € IN there is k(n)
- 1
such that for every k > k !u!(Hﬁ,k) <om and

" 1
[ oGP Bl < 5
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Let BE = sz . Then lim,, s |x|(B?) = 0 uniformly with respect to p € Qp, and
yvn 1

if we set G, = G(E:)’ for z € (BE) hy(Gn(x), F(x)) < o Then G,, p-converges

to F; in fact, by the triangular inequality
o (Gims Gin) = (G, F)| < (G2, Fy) + by (F, )

which shows that hy(Gp, F') is totally measurable; furthermore it p-converges to
0.

We shall now prove that, for p € Qo,
/ hyp(Gr, G)d|pu| — 0 for n, k — oo.
Q

Since, for n, k suitable large,

A
|

[ (G Euln
Q

/(G Pyl

A
|

and, by assumption (v2),

[ ol Fu F)dlnl < e

one finds, with a standard decomposition of 2,

1 1
[ oG Gl <+ 5+ o

Thus F' is p-integrable. Moreover hp(/ Fnd,u,/ Grndp) — 0 for every p €
E E
Q,FE € X. In fact

hp (/EGnC&A,/EFnc&L) / hy (G, ) d|ﬂ|<i

/ Fdy = lim/ Gpdp = lim Frhdu.

therefore

The proof is now complete.

As a consequence we find

THEOREM 2.15 (Lebesgue Dominated Convergence Theorem). Let (F,), be a

sequence of Qq-strongly p-integrable multifunctions u-converging to F, and such
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that there exists g € LY(Q, S, p) with hy(F(z),{0}) < g(z) forx € Q,n e IN,p €
Qo. Then F is u-integrable and for E € X

/ Py =l / R

LEMMA 2.16. Let (G,), be a sequence of Qo-strongly p-integrable multifunc-
tions that converges to G, uniformly with respect to x € Q0 and p € Qy. Then G

is Qo-strongly p-integrable and

/ Gdp = lim / Gdpi.
E n—oo J g
(n

Proof: The proof is analogous to that of Theorem 2.14. In fact, if (I}, ))k is a

sequence of simple multifunctions defining G, (uniformly with respect to p € Qy),

for every aw > 0,n € IN there exists k(n, ) such that, for k > k(n, a)
{z€Q:hyT(2),Gn(z) > a} =0
and, for n suitable large

{x € Q: hp(G(z),Gp(x)) >at =0

(n

)
k(n,Q%)

uniformly with respect to p € Qg. Then, for every n, taking I';, = T’ one

obtains a sequence that defines G' uniformly with respect to p € Qq.

3. A Radon-Nikodym Theorem

DEFINITION 3.1. A finitely additive multimeasure M : ¥ — Y is bounded if

it has bounded range R(M), namely for every p € Qo there exists L, € IR such

that suph, (M (A),{0}) < L,. In this case we shall put Qyr = {q: ¢ = L%,p € Q}.
Aex

We shall say that M is @ jr-uniformly bounded when L does not depend on p.

Let i : ¥ — IR be a bounded finitely additive measure and let |u| be its variation.
With ¥+ and X2 we shall denote the subsets of ¥ defined by:

St={Bex:ul(B)> 05 2 ={Ee%:|ul(E) < 2Au(E)}.
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With the symbol EY we shall denote EN¥, and analogous meaning will have the
symbols EXt, EX2. We shall now introduce the following ”ranges” of M with
respect to u:

A(ES2) = {]\/:‘[((g))F € BY2, u(F) # o} ,
A(E,e) = {C €Y : hy(M(F),Cu(F)) < e|ul(F) ¥ F € EX}

A(Ee) = ﬂ Ap(E,¢)

PEQ M

that will be called average range , (¢, p)-approximated range and e-approximated

range respectively.

DEFINITION 3.2. We shall say that a property P is exhaustive on a set £ € X
if there exists a p-exhaustion (F;);, F; € EX such that for every i E; fulfills the
P property. In this case (E;); will be also referred to as a P-exhaustion.

A property P is null difference whenever for any pair of sets A, B € ¥ such

that |u|(AAB) = 0 either both satisfy the P property or neither does.
LEMMA 3.3. If M < u then the property A(E,e) # 0 is "null difference”

Proof: We shall show that if E,F € X1 and |u|/(FAF) = 0 then A(E,¢) =
A(F,¢) for all e >0 . Note first that, since M < p, hy(M(EAF),{0}) = 0 for

p € Qum.
If C € A(E,¢), namely C € A,(E,¢) for each p € Qpr , and H C F then

H=(HNE)U(HNE®) C(HNE)U(FNE"°),

and since |p|(F — E) = 0, it follows |u|(H) = |u|(H N E). To prove that C' €

Ap(F,¢) note that by (1.2.c) and by the triangular property
hyp(M(H), Cu(H)) = hy(M(H A E),Cu(H 0 E)) < |l (H 0 E) < elul(H).

whence C € ﬂ Ap(F,e). Analogously one can show the converse inclusion.
PEQM

The following result will be used in the sequel.

LEMMA 3.4 ([13]). If p : ¥ — IR is a bounded finitely additive measure and
E € X7 then either E € ¥2 or there exists F C E such that F € ¥.2.
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DEFINITION 3.5. Let C C Y; we shall define, for p € Q, the p-diameter of C
as the number 6,(C) = supg pec hp(C, D) < 2suppc hp(C, {0}).
A set C is Qo-uniformly bounded if sup,cq, supqc hp(C, {0}) < +o0.

LEMMA 3.6. Let M : ¥ — Y and p : X — IR be bounded finitely additive

measures such that:

(3.6.1) M < p;

(3.6.2) A(QX?) is Qpr-uniformly bounded;

(3.6.3) for every e >0 the property A(E,e) # () is exhaustive on any E € ¥ T,

Then there exists a multifunction G : Q — Y Qp-strongly p-integrable, Q-

uniformly bounded (i.e. with Qpr-uniformly bounded range) such that

/ Gdypy = M(FE) for every E € X.
E

Proof: Analogously to what is done in [14], [11], [13] we can obtain a sequence

of p-exhaustions of Q (E7),,a € IN" such that:
(3.6.4) A(E?,27™) # () for each n € IN and o € IN™;

(3.6.5) EI! = Uingirl where (ngl)l is a p-exhaustion of E7 for each n € IN and

a € IN™,
(3.6.6) for each fixed n € IN and v € IN"Q = U, EJ.

Defining
Gn=> Cllpn C" e A(E™, 27™),

according to Remark 2.11, G,, is Qps-strongly p-integrable. This is easily shown
by means of Lemma 3.4, since h,(Cy,{0}) < 1+ 2L for every a € IN",n € IN,

where

M(K)
L= sup sup h,(——=,{0}).
Uiy OV

We shall then show that (G),), is Cauchy in Y, uniformly with respect to z €

and p € Q. Observe first that, for m,n € IN fixed, n > m, as done in [11] one
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can write
G = Z C(nolfﬁ).lEZZ,g) Gn = Z CO&B
(a,8) (a,8)
fora € IN™, 8 € IN""™,C@ 5),Cl, 5y € AER,27™). From (1.2.e)
hP(Gm’G") = (Z C(aﬁ) 1E( a,B)’ Z C(O‘ B 1E ﬁ) < (3)
(a,8) B)
< Z h aﬂ)’ ))'1E<TZ,5) _22 m’

Hence the sequence (Gn)n is Cauchy, uniformly with respect to x € € and

p € Qun. Let G(x) = limy, oo Gy (). From (3) and by the way G is defined
hp(G(z),{0}) <1+2L VpeQum, Ve e Q.

From Lemma 2.16 G is Qps-strongly p-integrable, and for every F € X

nh_}nglo hp (/EGd,u, /EGndu) =0.

Finally we prove that, for all E € ¥ and p € Quy, hp(M(E),/ Gdp) = 0.

E
Let p € Qp and € > 0 be fixed; for every E € ¥ and n € IN fixed, the family
(ENER), e~ is a a p-exhaustion of E. Let ¢ € IV be such that for every n-thuple

<(Qa7q)

€
WE- U BaEn<s(n)
a<(q,q)
where ¢ is determined by the absolute continuity assumption.

Let m, € IN be such that for every n > n,

13
h/Gnd,/Gd)<
p(E a E a 4

( > cuEnE, [ Gndu)<j
E
a<

(Q1"'7q)
Analogously to [13] Theorem 3.1, one finds

and

Y. M(ENE), Z Cam(BENER) < > 27"|ul(ENEY)

a<(g,q) a<(q,q) a<(g,q)

and hence, for every n > n,

3e 3e
hy (M /Gdu ST+ Y 2 "IMI(EHE”))<*+*| (E).
a<(g,q)
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DEFINITION 3.7. A P property is said to be hereditary if for each A, B € ¥ "
with B C A if A satisfies P then B satisfies P also.

Observe that the property of having non empty e-approximated range is hered-
itary. Analogously the property of having small average range is hereditary, see

[14] for the definition.

We mention a result due to [11] that we shall use later.

PROPOSITION 3.8 (Exhaustion principle). Let p: 3 — IR be a bounded finitely

additive measure. The following conditions are equivalents:
(E.1) the hereditary property P is a p-exzhaustion on every E € X7 ;
(E.2) for every § > 0, there exist C € ¥t and « €)0, 1] such that:

(E.2.2) |u|(Q - C) < §;

(E.2.b) for every E € CX* there exists F € EX' such that |u|(F) >
a|p|(F) and F satisfies P.

In this case we will say that P is locally exhaustive.

The converse of Lemma 3.6 is not true: in fact from the existence of a density
one cannot obtain (3.6.3); it is only possible to obtain that the property of
having non empty (e, p)-approximated range is exhaustive for p € Q. But if we

strengthen the hypothesis we can obtain the following Lemma:

LEMMA 3.9. Let M : ¥ — Y be a bounded finitely additive multimeasure and
u X — IR a finitely additive measure. Let G : Q — Y be a Qur-uniformly
bounded p-integrable multifunction which is the limit, uniformly with respect to

p € Qur and x € Q, of Qpr-strongly p-integrable multifunctions such that
/ Gdu = M(FE) for every E € ¥;
E

then (3.6.1), (3.6.2) and (3.6.3) are satisfied.
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Proof: Property (3.6.1) is obvious. We now prove that A(QX?) is Qys-uniformly
bounded. Let F € Q%2 be such that |u(F)| # 0; we have that:

/ Gdp

M(F)
hp(mv{ }

[ (G (0Dl < AT < o

1
A0F = ()

F)

for every p € Q. This proves (3.6.2). Finally we verify (3.6.3). By the as-
sumptions and by Lemma 2.16 there exists a sequence (G,), of u-integrable
simple multifunctions such that G,, converges to G uniformly with respect to
p € Qy and z € Q. Let € > 0 be fixed; then there exists @ such that for every
n > 7 hy(G(z),Gp(z)) < € for every x € Q and p € Qyr. Let G = X8| Cilp,

1
and o = —. Let E € ¥7F; then |u|(E) = Y%, |u/(E N E;) and then there exists

2k
E
Jj € {1,2,---,k} such that |p[(E N E;) > MQ(I@ )

|p|(F) > o|p|(E) and A(F,e) # 0. In fact for every B € FXt and p € Qu

. Setting F' = EN E; it is

(M (B), Cin(B)) = by ( [ G, [ Grau) < [ 1y(G. Grydlul < <lul(B).

PROPOSITION 3.10. Let M and p be as above; the following two statements

are equivalent:
(3.10.1) for every E€ Xt and e >0 A(E,¢) # () yields that §(A(EY?)) < 2¢;

(3.10.2) for every E € X% and e > 0 §(A(EX?)) < ¢ yields that A(E,e) # 0.

Proof: let ¢ >0 and E € X1 be fixed in such a way that A(E,e) # 0. Let
C € A(E,¢); then for every p € Qs

sup hyp (,C) <2
FEES2 y(F)#0

and hence 6[A(EX?)] < 2¢.

Conversely let G € EX?, C = Z\Z((GG)) and F € EX?; then for every p € Q
_ o (ME) MG)
M(P). CoF) = ()| by (2l S5 ) < ()

and therefore C' € A,(E,¢) for all p € Q. Hence, by the Exhaustion Principle

we have the equivalence between the local exhaustivity of these two properties.
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THEOREM 3.11 (Radon-Nikodym). Let M : ¥ — Y be a b.v. finitely additive
multimeasure and p : ¥ — IR a bounded finitely additive measure. Then the

following are equivalent:

(RN.1) there exists a p-integrable multifunction G : Q —'Y satisfying:

(RN.1a) there is a p-exhaustion (E;); of Q such that for every i G :
FE; — Y is the limit, uniformly with respect to p € Qur and x € Ej,
of Qnr-strongly p-integrable multifunctions;

(RN.1b) for every i there is r; > 0 such that sup,cq,, hy(G(2),{0}) <
r; for all xz € Ej;

(RN.1c) / Gdypy = M(FE) for every E € %;
E

(RN.2)

(RN.2a) M < u;

(RN.2b) for everye >0 andd > 0 there are C € T and o €]0,1]
such that:
(RN.2b.1) [u|(2—C) < 4;
(RN.2b.2) A(CX?) is Qpr-uniformly bounded;
(RN.2b.3) for every E € CX7T thereis F € EXT with |u|(F) >

alp|(E) and A(F,e) # 0.

Proof: Let us first prove the implication (RN.1) = (RN.2). Firstly M < pu.
Since (E;); is a p-exhaustion of €, for every 6 > 0 there shall be nl(g) e N
with [p|(Q — UM E;) < g Applying Lemma 3.9 to each E;,i = 1,---,nq, for
e>0 and QL there shall exist K; € E;X% and «; €]0,1[ such that for every

ni
i:1,-'-,n1:

0
— E;, — K; —
|| (B i) < oy’

— O[A(KR2)] < +oo;

— for every E € K; 7 there exists F € EX™ such that |u|(F) > o;|p|(E) and
A(F,e) # 0.
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Then one easily proves (RN.2b.2) and (RN.2b.3) with C' = U2, K;, r =
S, o= 27111 min{ay, -+, ap, }-

We now turn to the implication (RN.2) = (RN.1). Let (d,), be a sequence of
positive numbers decreasing to zero. To each n € IN there corresponds C), € ¥
such that |u|(Q — Cy) < 8, and A(C,%2) is Qp-uniformly bounded. We take
E,=C,E, = C, — u;”gfci, possibly eliminating the |u|-vanishing E;’s. The
sequence thus obtained is a p-exhaustion of Q and A(E;¥?) is Qp-uniformly
bounded for each j. By Lemma 3.6 applied to each E, one obtains the existence
of a @ pr-uniformly bounded multifunction G,, which is the limit, uniformly with
respect to p € Qur and x € €, of Qar-strongly p-integrable multifunctions, and

which vanishes outside E,, and such that
M(E, N H) = / Coudyi.
H

It is then possible to define the formal series G(z) = Y, Gy, (z). In fact the support
of G, is E, and the sets F),’s are pairwise disjoint by construction. We now prove
that G is p-integrable. The set A = {r € Q: hy(G(z), Y01 Gr(z)) > e} € X
and it is a subset of Q —U}_, E}, and hence | ,u,\(Agn)) — 0 for every p € @), namely
> k1 Gi(z) p-converges to G(x) uniformly with respect to p € Qa. We now
prove that [ h,(> j_; Gr(x),{0})d|p| < p uniformly with respect to n and for
every p € Q) : in fact the sequence h, (> 71— Gi(x),{0}) = i1 hp(Gr(x), {0})

is non decreasing and

/ hp(zn: Gr(z),{0})d|u| < Xn:/ hp(Gr(z), {0})d|p| < Xn: |M|,(ENEy) < [M],(E).
E 3 k=17 E

k=1

Therefore, by the Vitali Convergence Theorem, for every p € Qs

h /Gd,/ Gud 0
p<E [ E’; ku)—>

namely
([ G M(EQ (Ui B)) — 0.
E

Therefore it is enough to show that

hp (M(E), M(E 0 (Ui=1Ex))) — 0.
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hy (M(E), M(E N (Uf=, ER))) =
= [hp(M(E — Up_y (BN Eg)) + M(E 0 (Uf=1 Eg)), M(E N (Up= Ex)))] =

= hp(M(E — Ui (E N Ey)), {0})

and the assertion follows from the absolute continuity of M with respect to p and

the definition of (E),)p.

COROLLARY 3.12. Let M : ¥ —Y be a b.v. finitely additive multimeasure and

w2 — IR a bounded finitely additive measure. Then the following are equivalent:

(RN.1) there exists a p-integrable multifunction G : Q —'Y satisfying:
(RN.1a) there is a p-erhaustion (F;); of Q such that for every i G :
E; — Y is the limit, uniformly with respect to p € Qpr and x € E;,
of Qar-strongly p-integrable multifunctions;
(RN.1b) for every i there is r; > 0 such that sup,cq,, hy(G(2),{0}) <
r; for all xz € Ej;

(RN.1c) / Gdu = M(E) for every E € &;
E

(RN.2)

(RN.2a) M < u;

(RN.2b) for everye >0 andd > 0 there are C € ¥ and a €]0, 1]
such that:
(RN.2b.1) [u|(2-C) < 4;
(RN.2b.2) A(CX?) is Qur-uniformly bounded;
(RN.2b.3’) for every E € CX7 there is F € EX' such that

\u|(F) > a|p|(E) and §(A(F¥?)) < e.

REMARK 3.13. The absolute continuity of M with respect to y as defined in 1.11
is in a strong sense: in [8] C. Castaing, A. Touzani, M. Valadier have introduced
a weaker definition: M is absolutely continuous with respect to p (and we write
M <, p) iff for every z* € X* the finitely additive measure §*(x*|M(-)) is

absolutely continuous with respect to u. In [8] the following Theorem is proven:
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THEOREM 3.14 ([8]). Let ju: X — IR{ be a bounded finitely additive measure
and M : ¥ — Y a finitely additive multimeasure with M <, w. The following

two conditions are equivalent:

1. {M(A) : A € ¥} is precompact in'Y;

M(E;) 1y
u(E;)

2. foreveryp € Q ande > 0 there exists a simple multifunction F' = "1,

where (E;); is a finite decomposition of ), such that
hy (/ qu,M(A)) <e for every A € X.
A

In this case one obtains an approximated Radon-Nikodym derivative. When the
density exists from Theorem 3.11 the absolute continuity of M with respect to u
is in the strong sense and, in this case, by Theorem 3.14, the existence of a density
implies that the range of M is precompact. The converse is not true as shown
by example 3.7 di [4]. In fact let uz, and & be the finitely additive measures of
the example. The range of pp is precompact but the Radon-Nikodym derivative
of ur, with respect to pur, + 0 does not exist. Observe that Theorem 3.14 obtains
an approximated Radon-Nikodym derivative depending on p € Q). On a following

paper we shall face the study of this kind of integration by seminorms ([1]).
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